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Use a separate sheet for each quest ion. 

• Th i s is a closed book examinat ion w i t h 4 quest ions wo r th o f 100 points in t o t a l . 

• Your mark for th is exam wi l l be the number o f po in ts div ided by 10. 

• If you have at least a 5.0 for th is exam, the average o f the two p rogramming exercises, as well as 

the average o f t he 8 homework exercises, your f inal mark for th is course is the average o f these 

three marks, rounded to the nearest hal f o f a whole number . T h a t is, 9.7 is rounded to 9.5, and 

5.8 is rounded t o 6. 

• Use o f book, readers, notes, and slides is not a l lowed. 

• Use o f (g raph ica l ) calculators is no t pe rm i t t ed . 

• Speci fy your name, s tudent number and degree program, and indicate the t o t a l number o f s u b m i t t e d 

pages on the f i rst page. 

• W r i t e clearly, use correct Engl ish, and avoid verbose explanat ions. Giv ing i r re levant i n fo rma t i on 

may lead t o a reduct ion in your score. 

Notice that almost all questions can be answered in a few lines! 

• Th i s exam covers Chapters 10 and 11 o f K le inberg, J . and Tardos, E. (2005) , Algorithm Design, 

all i n fo rmat ion on the slides o f the course, and the set o f papers as described in the s tudy guide. 

• T h e to ta l number of pages o f th is exam is 3 (exc lud ing th is f ron t page). 
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1. (a) (6 po in ts ) Suppose t h a t for a given bounded search t ree i t is known t h a t each node represent ing 

a problem o f size n has at most two chi ld nodes, one represent ing a problem o f size at most 

ro — 1 and one of size a t most n — 4 . Fur thermore suppose t h a t these chi ld nodes can be found in 

linear t ime . Descr ibe how you would de termine an upper bound on the run t ime o f an a lgo r i t hm 

using th is search tree on an input o f size n. 

(b ) (6 po in ts ) Suppose we have a problem instance w i t h a parameter k, and an a lgor i thm for t h a t 

problem w i t h a run t ime bounded by f ( k ) • p{n) t ime , where 

• ƒ is a (usual ly exponent ia l ) func t ion depend ing only on the parameter k 

• p is a po lynomia l func t ion . 

Is th is problem f ixed parameter t rac tab le? Is i t kernelizable? 

For the fo l l ow ing two questions, let a graph G = (V,E) w i t h n vert ices as well as a t ree 

decompos i t ion (T, {Vt}) o f G be g iven. 

(c) (7 po in ts ) Let any set o f vert ices S C V be g iven. Prove t h a t if for every piece t € T t he 

subgraph induced by Vt \ S does no t con ta in any cycle, then G does not conta in any cycle. 

( H i n t : Use the proper ty o f a tree decompos i t ion T t h a t says t h a t i f a piece is removed f r o m 

the graph, the resul t ing subgraphs for t w o d i f ferent pieces have no edge w i t h one end in each 

o f t h e m . ) 

(d ) (6 po in ts) Consider the problem of f i nd ing a subset S o f V o f m in ima l size such t h a t t h e graph 

induced by V\S does not conta in any cycles. Using the s ta tement in the previous quest ion , t he 

fo l low ing recursive func t ion determines t h e m in ima l size o f such a set S. In i t ia l ly th is f unc t i on 

is called by M\x\-FVS{T,r,Vr,$) where r is the roo t node o f the tree decompos i t ion T. For a 

cal l on a node t, the th i rd argument denotes the vert ices in Vt sti l l t o be considered, and the 

f ou r th a rgument the vert ices in Vt for wh ich a decision has already been made. 

M i n - F V S ( T , t , y , 5 ) = 

m m { 5 , c i / | n o cycle in G[Vt\(SUS')]} (\S'\ + E c h i l d t> of t M i n - F V S ( T , t', Vt> \ Vt, (S U S') n Vf)) 

Suppose t h e t ree decompos i t ion has w i d t h w. De termine a t i g h t upper bound on the run t i m e 

o f th is a lgor i thm and explain how you arr ive a t t h a t bound . 

2. (a) (4 po in ts ) Give the general def in i t ion o f the per formance rat io o f an approx imat ion a lgo r i t hm 
A for a problem X. 

(b ) (6 po in ts ) In the Subset Sum problem, we have a mul t i -se t S o f posit ive integers and a ta rge t 

sum t. T h e problem is t o col lect a subset S' f r o m S such t h a t the sum of all the integers in 

S' is not larger t han t and comes as close t o t as possible. Suppose we have an approx imat ion 

a lgor i thm A for th is prob lem. W e apply i o n a problem instance where t = 100. T h e a lgo r i t hm 

returns a so lu t ion S' where the to ta l sum o f the integers in S' equals 80. Is i t j us t i f ied t o conc lude 

t h a t t he approx imat ion rat io o f t he a lgo r i thm A is at least 1.25? Mo t i va te your answer. 

(c ) (8 po in ts) T h e Longest Processing T i m e ( L P T ) a lgo r i thm is an approx imat ion a lgo r i t hm t h a t 

is an I - approx imat ion a lgor i thm for the load balancing problem, where m is t he number 

o f machines. Th i s means t h a t for 2 machines the a lgo r i thm achieves a g -approx imat ion ra t io . 

W e can do bet ter i f we apply L P T t o the fo l l ow ing class o f instances: There are 2 machines 

and the set o f j obs consists o f jobs hav ing a processing t i m e between 0.5 and 5 and t h e t o t a l 

processing t i m e T o f all j obs together is a t least 400. Prove t h a t for th is class o f instances the 

approx imat ion rat io o f L P T is bounded above by 8 1 / 8 0 . 
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(d) (7 po in ts) W h a t is an [a, 6]-gap in t roduc ing reduct ion f rom an NP-hard decision problem A t o 

a min im iza t ion problem Bl Give a def in i t ion to answer th is quest ion. 

Give a simple a rgument for t he proposi t ion t h a t if there exists such an [a, 6]-gap in t roduc ing 

reduct ion and B has a 6 /a -approx imat ion a lgor i thm, A can be solved in po lynomia l t i m e . 

3. (a) (4 po in ts) In a given pr imal l inear program one of t he specif ic constra ints turns ou t t o be an 

equali ty. Consider the dual variable associated w i t h th is const ra in t . W h a t are its sign restr ic t ions 

in the dual program? 

(b) (8 points) Consider a Boolean linear program, where we choose Boolean variables - 1 and 1. Let 

a, b and c be Boolean variables occur r ing in the program. Consider the non-l inear inequal i ty 

ab + bc + ac > - 1 (a so called t r iangle inequal i ty ) . Show t h a t we may add th is inequal i ty 

t o the program w i t h o u t e l im ina t ing solut ions and show t h a t i t becomes a linear inequal i ty 

in the semi-def in i te re laxat ion. There are three other such t r iangle inequal i t ies o f t h e fo rm 

(+/-)ab(+/-)bc(+/-)ac> - 1 . W h i c h ones? 

(c) (5 po in ts) In a given integer linear program four of the inequal i t ies are 

3x-2y + z<U (1 ) 

x + y - Sz < 6 (2 ) 

-x + 2 y < - l (3 ) 

z < 4 (4 ) 

Derive the Chvata l cuts 
x - z < i (5 ) 

and 

y < 3. (6 ) 

(d) (8 po in ts) W e consider the graph w i t h two points , being connected w i t h an edge of we igh t 1 . 

T h e solut ion for t he max-cu t problem is t r i v ia l : the max-cu t value is 1 and the solut ion consists 

o f j us t c u t t i n g the only ex is t ing edge. W r i t e down the semi-def in i te relaxat ion for th is problem 

expl ic i t ly and solve i t by hand. Explain the calculat ions clearly in te rms o f the sd re laxat ion. 

H in t : a mat r i x is semi posi t ive def in i te i f f all i ts eigenvalues are nonnegat ive. 

4. In the last three lectures, the class o f evolut ionary a lgor i thms, the subclasses o f evo lu t ionary local 

search and es t imat ion-o f -d is t r ibu t ion a lgor i thms as well as the (re)design o f these a lgor i thms for 

mu l t i -ob jec t i ve op t im iza t ion were discussed. 

(a) (6 po in ts) W h a t is a marginal p roduct mode l , how can it be used in op t im iza t ion w i t h an 

es t imat ion-o f -d is t r ibu t ion a lgor i thm and w h y is i t somet imes impo r tan t t o do so? 

(b ) (6 po in ts) Explain the dif ference between (general) evolut ionary a lgor i thms and evo lu t ionary 

(genet ic) local search and describe and explain the condi t ions under wh ich evo lu t ionary local 

search is general ly considered t o be superior. 

(c) (6 po in ts) Explain how a single-object ive local search a lgor i thm can be made t o wo rk via 

distance-based scalar izat ion if the op t im iza t ion problem is mul t i -ob jec t ive and describe for any 

solut ion a way t o do distance-based scalarizat ion such t h a t i t can be found in the Pareto op t ima l 

set. 
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(d ) (7 po in ts ) Explain w h y using a ma t i ng restr ic t ion (prevent ing cer ta in solut ions t o be comb ined 
w i t h o ther so lut ions in the var ia t ion opera to r ) in mu l t i -ob jec t i ve op t im iza t ion can be benef ic ial 
and give an example o f how a useful ma t i ng rest r ic t ion for mu l t i -ob jec t ive op t im iza t i on can be 
establ ished. 

End o f test 




