SOLUTIONS EXAM EXERCISES

Solution 1. (i) We have
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and by independence of the increments

E(Z|F,) = exp " E (exp(v2a (B, - B,)) exp(V2a B,)| 7,)
= exp~*exp(v2aB,) E (exp(\/ﬁ (Bt_s))>

Zinn = ZT/\TL]'(TS’H,)) + ZT/\nl(Tzn))
= Zrlezw) + Znlezn)
= exp(V2aB; — at)li;<pn) + Zn L(ron)
= exp(V20a— at)l(r<n)) + Z, P(1 > n).

(iii) By a,a > 0, we have eV20Bn < V2aa oy {7 > n}. Hence Z, < evY?* on
{r > n}. Clearly X < eV2%% as well and hence

IZT/\n| = X]-(‘rgn) + Ynl(rgn) <e 2aa,

(iv) By the assumption on the finiteness of the stopping time, we have that
Zrnn — X almost surely. By (iii) we may apply dominated convergence to
conclude that also

lim E(Z;an) = E(X) = E(exp(V2aa — at)).

n—oo

But by the stopping theorem, E(Z,x,) = 1 for all n. Hence
E(exp(vV2aa — ar)) = eV2**E(e™7) = 1.

That implies the statement.

(v) By Fubini and (iii)
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Substituting © = v2\a yields
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and hence
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(The last step either by partial integration or using the observation that the
integral is the expectation of an exponential variable with parameter one.)
Solution 2. (i) by Ito formula with f(z) = e® and X; = aB; — 3a*t, we have

1 1 1
Cth = eXtht + iexf‘dXtht = Zt(Oédbt - §O{th) + §(X2dBtdBt = OéthBt.

(ii) We have
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The statement follows now by the fact that the last line equals
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and by the hint.

(iii) By Ito isometry we obtain from the assumption about the convergence of
the generating function that
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The statement follows now by
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(iv) We have by (i) and (iii)
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matching coefficients yields the statement.

Solution 3. (i) Using the ansatz

X, = u(t) (xo+/otv(s) st),

we obtain

ix, = (x0+ /0 ") dBS) du(t)+u(t)d(a:o+ /0 ") st)

¢
+dud (xo —|—/ v(s) dBS)
0
¢
= U (mo —|—/ v(s) dBS> dt + uv dB;.
0

Matching coefficients yields
= —au, v=o0/u.

That implies

Hence

t
X, = Ae— (xo + / 2 gas st>
0 A

and by adjusting the free parameter A to the requirement Xy = x¢ we finally
obtain .
X, =e @ <x0 + 0/ e’ dBS) .
0

(ii) In the sequel, we use without proof the fact mentioned in the lecture that
processes of the form

y, = /O ' f(s)dB,

with deterministic f are Gaussian with independent increments. Hence (assume
without loss of generality ¢t > s)

E(Y,Y;) = E(Y?) + E(Y,(Y, - Yy)) = E(Y?)



and we can apply this letting
t
Yi=0 / e dB,
0

in the following way (again s < t)

E(XSXt) — E(e—a(s-l—t)XOQ +XO€—(LS}/t +X06_atYs +€—a($+t)}/8}/t)
e—a(s-{-t)E(Xg) + e—a(s+t)E(Y52)
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The same calculation with s > ¢ yields the statement.

Solution 4. Let
G :={F € Fo : Yes0In>04er, : P(FAG) < €}.

(i) We want to show that G = F. First we show that G is a o-algebra.
(a) D cG: For F=0letn=0and G =0 € F5. Then GAF = ) and also
P(GAF)=0<ce.

(b) F€G = F° e G: Assume F € G. Then there is some n > 0 and G € F,
such that P(GAF) < e. But G € F,, implies G° € F,,. By GAF = G°AF° we
obtain P(G°AF¢) = P(GAF) < € and that implies the statement.

(¢c) FreG k>1= Uk21 F,. € G: First of all, note that

(FLUF) - (G1UGy) = (F1—(G1UGL))U (F2 — (G1UG))
C (F1—Gy)U(Fa—Gs)

implies that
(F1 U F)A(G1 UG2) C (F1AGY) U (FoAGs).

That implies that all finite unions of sets in G are contained in G. (For unions
of two sets, you can see this by choosing G; and G such that P(F1AG,) =
P(F>AG3) = €/2.) Now we reduce the problem (c) to unions of finitely many

.....

bounded above by 1. Hence aj converges and we can therefore choose some

K > 0 such that
P( Y BR- |J F)<e2
E>K+1 k=1,....K



For each k < K we now have by definition some Gy, € F,,, with P(F,AGy) <
5%- Let N := maxgy<g ng. Then Ug—1  xGr € Fy and we obtain by the

formula above

P(URa | Go

E>1 k=1,...,

= P(U BR- U Fou U 2 U G
E>K+1 k=1,.. K k=1,....K k=1,....K

< rP U Re |J Go+P( Y B- U o
k=1,....K k=1,...K E>K+1 k=1,...K

= €/24+¢€¢/2=c¢.

Thus, G is a o-algebra.

It remains to show that Fo C G, since by definition we already know that
G C Foo- Because F, is the smallest o-algebra containing all F,,, we are done
if we can prove that G contains as well all F,,. Let thus F' € F,. Then we
may choose G = F € F,, and obtain P(FAG) = P(FAF) = P(() = 0. Hence
F € G and thus F,, C G. Since n was arbitrary, that implies the statement.

(ii) Let £ = 1p, F' € Fo an indicator function. Then the statement follows from
E|lp — 1¢g|P = P(FAQG) and (i). Now step functions are dense in LP(Q, F)
and we thus have always some step function s := Z?:l fi 1, such that

ElE=> filp | <e/2.
=1

Now we use that by (i) we can find G; € F,, such that for all i = 1,....,n we

have 1
(e/2)7/7
P(F,AG;) < ——.
(A6 <
Thus, the step function n := Y7, fi lg, is Fy-measurable with N := maxn;
and we have

El¢—nl" < EBlE sl +Elnp—s’ <¢/2+E|Y_ fi(lr — la,)I”
=1
n p n
/2 + (Z |fil P(FiAGi)> <e€/2+ (/27> %)P =

i=1 i=1
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That implies the statement.

(iii) Without loss of generality we assume that & is Foo-measurable (otherwise we
substitute £ by £ := E(€| Fso). Let now n € LP(§2, F,,) be a function such that
E|¢—nlP < ¢/2. Then by triangle inequality and LP-contractivity of conditional
expectation

E|E(|Fm) =¢" < EIE(E|Fm) —nl” + Eln—&°
EIE(€—n|Fn)l" +Eln—¢£P <e/2+€/2=¢



for all m > n. Since we can find some n and 7 for all values of € > 0 by (ii),
that implies the statement.

(iv) Conditional expectation is only defined almost surely. Hence it only makes
sense to ask for pointwise convergence almost surely. But actually this is pro-
vided by the martingale convergence theorem. The first observation is that for
& € LP(Q, F), by contractivity of conditional expectation F|E(£ | F,)|P < oo for
all n. Hence

X, =E(|Fn)

is an LP-martingale by tower property
E(Xn+1 |‘7:n) = E(E(§|fn+l) |fn) = E(E ‘ fn) = Xn~

Thus, by martingale convergence, there is some random variable X, to which
X, converges almost surely and in LP. By (iii), this random variable must
almost surely coincide with E(§ | Foo).



