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1. Let E = {f e C[0,1] : ƒ(!) = 0} endowed with the supremum norm 
j | • I loo- Consider the functional ^ : —> M defined by 

(a) Show that (f) is bounded and determine its norm. 

(b) Show that for all non-zero f e E we liave \4>{f)\ < \\f\\oo-

2. Let {ü,d) be a metric space, let ƒ : J7 —> M be continuous, and consider a 
subset ACQ. 

(a) Show that ƒ ( ! ) C J{A). 

(b) Show that if A is compact, then f{A) is compact. 

3. Let {hn)^=i be an orthonormal system in a Hilbert space H. 

(a) Prove that for ah h e H we have E ^ ^ i K'^. / n ) l ^ «S 

Hint: Write h = {h — Hnh) + PN^, where PN is the orthogo­
nal projection onto the hnear span of ( / Jn)^ i ) and prove first that 
WPNH ^ \\h\\. 

(b) Prove that the following three assertions are equivalent: 

(i) tlie linear span of (/^n)$^l is dense in H; 

(n) for aU h e H the sum Yl'^=i{h,hn)hn converges to h in H; 

(iii) for all heH we have J2n=i K^- ^n>P = I I^P-

Hint: One could proceed by proving ( i )^ (n )^ ( in )=>( i ) . For ( i ) ^ ( n ) 

show first that P p f h —> h for each h in the (dense) linear span of 

{hn)'^=i', for (iii)=4>(i) consider a vector g orthogonal to each hn-

All vector spaces in this exam are real. 
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4. Consider the operator of indefinite integration J : L^(a, b) C[a, b], 

J f { t ) := f f{s)ds {feL\a,b), t G [a,5]). 
Ja 

(a) Show that J indeed talces values in C'[a,b] and is bounded as an 
operator from L?'{a,b) to C[a,b]. 

(b) Show that for all ƒ G L'^{a,b) the function J / is in H'^{a,b), with 
weak derivative ( J / ) ' = ƒ. 

(c) Show that a function g G i ^ ( a , 6) belongs to H^{a, b) if and only if 
it is of the form g = Jf + cl for some ƒ G L^{a, b) and c G M; here 
1 is the constant-one function. 

(d) Use (c) to prove the fofiowing version of the Poincaré inequality: 
there exists a finite constant c > 0 for all g G H^{0,1) we have 

h - {g, I ) L 2 ( O , I ) 1 | I L 2 ( O , I ) = ^ cWa'h^o,!)-

5. Let X and Y be Banach spaces. A linear operator T : A —>̂  y is called 
compact i f the image under T of every bounded sequence in X has a 
convergent subsequence in Y. 

(a) Show that every compact operator is bounded. 

(b) Show that iiT:X-^Yis compact and [/ : A ^ A and 5" : y F 
are bounded linear operators, on A and Y, then SoToU: X ^ Y 
is compact. 
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