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Motivate your solutions! 

1. Let {X, y / / , p) be a measure space and let 1 < fiQ < < oo. For 0 < 6* < 1 
define the number 1 < p ^ oo by the relation 

1 1-e 6 
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Prove that lï f e U"^ {X, n)r\U>' {X, p), then ƒ e i7« {X, p) and 

\\f\\pe^\\fW\\S\t-

Hint: Apply Holder's inequality. 

2. The Dirac measme 5Q on IR is the Borel measure defined by 5{B) = 1 if 
0 G B and 5{B) = 0 if 0 ^ B. 

(a) Show that every Borel function ƒ : M ^ M is integrable with respect 
to 5Q and 

/ /d5o = /(0). 
JR 

Hint: Show first that ƒ = l |o} 5o-almost everywhere. 

(b) Show that 5Q is singular with respect to the Lebesgue measure of R. 

3. A Borel probabifity measure on M is called regular ii for all Borel subsets 
B of M and all £ > 0 there is a closed set F in R and an open set G in R 
such that F C B C G and piG \F) <£. 

Show that every Borel probability measure /.(on R is regular by completing 
the following steps: 

(a) Show that the collection of all Borel sets B in K which have the 
property that for aU e > 0 there exist a closed set _F in R and an 
open set G in M such that F C B C G and g.{G \F) < e is a 
(j-algebra. 
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(b) Show that this collection contains all closed sets F in R. 

Hint: If F is a closed set, consider the open sets 

Gn = { x e R : mf{\x - y\ : y e F} < 1 /n} 

and show that /.t(G„ \ F) ^ 0 as 71 —> oo. 

(c) Derive the asserted result fi-om (a) and (b). 

4. In this exercise we work over the real scalar field; all functions are assumed 
to be real-valued. Let (X, p) be a finite measure space. We are going 
to prove that the dual of L^{X,ii) is L°°(X,p). 

(a) Show that for every ƒ e L°°{X,p) the mapping : L^{X,iJ.) R, 
defined by 

is bounded. 

Suppose, conversely, that (j): L^{X, y) ^ M is a bounded linear functional. 

(b) Show that u{B) := 4>{1B), B e M, defines a real-valued measm-e v 
on (X, ^ ) . 

(c) Show that v is absolutely continuous with respect to y. 

Let ƒ be the Radon-Nikodym derivative of v with respect to y. 

(d) Show that ƒ G L°°(X,^i)-

Hint: Show that if ƒ ^ F°°(X, y), then for each n ^ 1 there exists a set 
M G such that |<?!'(1M)| ^ n | | l M | | i . 

(e) Show that (j) — ( j j f , where ^ / is the bounded linear functional asso­
ciated with ƒ defined in part (a). 

THE END 


