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Please motivate your answers!

1. a) Prove that every non-decreasing function f : R — R is Borel measurable.
b) Let f:R? — R have the properties
i) for all z € R the function y — f(x,y) is non-decreasing;
ii) for all y € R the function z — f(z,y) is non-decreasing.

Prove or disprove: f is Borel measurable.

2. For a finite measure A on a measurable space (X, o) we define

W= s | [ fal
feB(X), Iflle<1’/ X

where B(X) is the Banach space of all bounded measurable functions f : X —
R endowed with the norm || f||s := sup,eg |f(z)].

a) Compute |0, where d, is the Dirac measure concentrated at x € X.

b) Show that if p is a measure on (X,.«) and v is the finite measure on
(X, o) defined by

vy [ fan (aew)

where f € L'(p) is non-negative, then |[v|| = || f||z1 ()

¢) Show that for all finite measures A; and Ag on (X, &) we have
A+ Al = (Al + [[ Azl

where A1 + g is the finite measure defined by (A1 + A2)(A) := A1 (A) +
A2(A) for A € o

3. Let k: [0,1] x [0,1] — R be a bounded measurable function with the property
that for almost all ¢ € [0,1] the function s +— k(s,t) is continuous. Let
f € LY0,1) be given.

(a) Show that for all s € [0, 1] the function ¢ — k(s,t)f(t) is integrable.

(b) Prove, using the dominated convergence theorem, that the function ¢ :
[0,1] — R defined by

1
g(s) ::/0 k(s,t)f(t)dt

is continuous. Hint: Argue via sequential continuity.



--— Please turn the page ---

4. Prove, using Fubini’s theorem, that if (X,.o, u) is a probability space, then
forall 1 <p < ooand f € LP(u) we have

/ |fIP dp :p/oo P ({1 f] > t}) dt.
X 0

5. Consider a probability space (2, 7/, P) and let f € L!(PP) be given. Let A € &/
be a given set.

a) Give an explicit description of the o-algebra o(A) generated by A.
b) Compute the conditional expectation E(f|o(A)).

Let % and % be two sub—o-algebras of 7.
¢) Prove that if  C %, then

E(E(f#)|¢) = E(E(f|€)|#) = E(f|#).
—-—- The end ---

Grading: [(24+4) + 24+3+4)+(24+4)+ (5) + (2+4+4+) + 4 free)]/4



