Retake: Continuous Optimisation 2016

Monday 16" January 2017

Hints at the end of the paper. Workings must be shown. Good Luck!

. L. Consider the problem 111'111.,,{.1*2 s > 1}, For a parameter p > 0, this problem can
be approximated by the unconstrained optimisation problem

min 2? — plo(x — 1)
(A)
&t > L

Find the optimal solutions to (A) as a function of p > 0, and find the limit of these
optimal solutions as p — 0.

x/; 2. Consider a closed nonempty set C C R" and a function f : R” — R defined to be
' the distance to the set for some given norm, i.c.

f() = min{f|x —y|| - y € C}.

Prove that if C is a convex set then f is a convex function.
[You may assume that the minimum defining f is attained.|

3. For a fixed parameter a € R, consider the function f,(x) = exp(a; + o) + aa? + 3.

() . . .
/\(a) For what values of the parameter a € R is f, a convex function?
From now on consider having a = 1.

) (b) By considering the function at x = 0 = <8>, show that fi(y) > 1+ y1 + vo
for all y € R?.

_Y(c) Give the direction of steepest descent of f, at x = 0.
H(d) Give the Newton direction of f; at x = 0.

[These directions do not need to be normalised.]

4. Consider the problem
mxin day + l’g
st 33> (B)
x € R%

Show that problem (B) is a convex problem.

Find the KKT point(s) for problem (B).

What is the global minimiser for problem (B), and prove that this minimiser
is a local minimiser of order 2.

)

'(b) Does Slater’s condition hold for problem (B)?  (You must justify your answer.)
)
)

Ny (e) Formulate and solve the Langrangian Dual problem to problem (B).
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/5. For vectors ay,....a, € R"\ {0}, consider the set K = conic{a,, ..., a,}. Show

that /C is a proper cone if and only if a;,..., a, are linearly independent vectors.

()6. Consider the following two optimisation problems, where /O C R" is a proper cone,

N\

K* C R™ is its dual cone, ¢,ay,...,a,, € R” and b € R™;
min  (c, x)
5.t (aj,x) >b; foralli=1,...,m (C)
x e

max b'y
Yy m

s.t. ¢c— Zyia; e (D)
i=1
y € RY

Show that weak duality holds between these problems.

(

(/7. We will consider bounds to the optimal value of the following problem:
min  4are + 31:3 — Xy
X
s.t. 51:% — 2129 — 3933 + 521+ 1229 =0 (E)
x € R
r(a) Give a finite upper bound on the optimal value of problem (E).

)(Ib) Formulate a positive semidefinite optimisation problem whose solution would
~ give a lower bound on the optimal value of problem (E).

8. (Automatic additional points)

Question: | 1123 4 |5]6]|7|8] Total

Points: 3131813141234 40

A copy of the lecture-sheets may be used during the examination. You
may use any results from the lecture slides in your answers (Lemmas, The-
orems, Corollaries, Exercises, etc.), however you should reference the result.

Hints:

4 (a b) - _ _1* < c —b)
“\b ¢ ac—b> \-b «a
2. A norm || e | on R™ has the following properties:
(a) |2x|| = |A|l|x]| for all X € R, x € R,
(0) llx+yll < x|l + llyll for all x,y € R";

(c) ||x]| >0 for all x € R™ \ {0}.
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