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Five exercises. They all have equal payoff. 

1 Consider a sequence of independent random variables X„ for n = 1 ,2 , . . . taking the values 
zero or one, with P (X„ = 1 ) = « „ . 

A Prove that X„ H> 0 in probability if and only if -)• 0. 

B Prove that Xj, H- 0 almost surely if and only iij^'^n < co¬

C Under what conditions on does Xn converge to zero in the mean? 

2 Let Y be an integrable random variable which takes the integer values 0 , 1 , 2 , . . . and E[Y] = 
m > 0. Let Yi^j be a set of independent random variables which are all distributed as Y. The 
indices i,j both run through 0 , 1 , 2 , . . . . The filtration 7"o C JFi c J"2 C • • • consists of J",, 
which are generated by Yij with i < n. 

Define XQ = 1 and by induction 
x„ 

Xn + l = Yn^k 
k=l 

A Prove that Mn = Xn/m'^ is a martingale. 

B Prove that A'ln converges almost surely. 

C Prove that Xn —> 0 almost surely if m. < 1. 

3 Let Mn be a non-negative submartingale and let A > 0. Define r = mm{k: Mk > A } . 

A. Prove that T is a stopping time. 

B. Prove that A < E[A'In I {T < n}]. 

C. Prove Doob's maximal inequality 

P ( M * > A) < | E [ M „ ] 



4 Let Wt be the standard Brownian Motion and let J-'t be the natural filtration. 

A Prove that Vt = -^Wct is the standard Brownian Motion for any c > 0. 

B Prove that - i is a martingale. 

C Define r = inf{ i : Wt > 2 or Wt < — 2 } . Assuming that this is an integrable stopping time 
(no need to verif>' this), compute E [ T ] . 

5 Again t'l'';, is the standard Brownian Motion. 

A Wt is an Ito process and so dl-V/ = a{t,Wt)dt + b{t,Wt)dWt. Determine a{t,Wt) and 
b{t, Wt) for this process. 

B Compute E [W^] by using that 

E[l'7, JÏ; 
" / - ^ f 

/ dWt' = E / a{t,Wt)dt + E / 
Jo Jo Jo 

b{t, Wt)dWt 

That is it . Checlc your airswers once more and hand in your fornr. 


