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The exam is on the extreme value theory part of the course. You have in total 3 hours for 4 ques­
tions. 

In the whole exam, the tail quantile function is denoted by U{t), t > 1. 

1. (6 points) Show that F{x) = 1 - exp(—^), a; > 0 is in a max domain of attraction. What is the 
extreme value index of this distribution? 

2. Let F be a distribution function. Suppose that 

l-F{tx) . . 
hm -^--^ = q(x) 

t^oo l-F{t) ' 

exists and is continuous for a; > 0; 0 < g{x) < oo for any a: > 0; and g{2) 

(10 points) What is g(a;)? Give the proof. //.̂ vrvmC*^ ^ ' ' ^ ^-^^ - /\;<2_^ OphroCiLi 

(4 points) Show that limt^o. log ^ = logx, for a; > 0. ( ( j j ^ e ^ i L ^ ^ y x 

(4 points) Let X be a random variable from F. Define Y = -i_-F(X) • What is the distribution 
function of YI What is the distribution of log YI 

• (10 points) Let X i , . . . , X„ be a random sample from F. Let fc = fc(n) be a sequence of integers 
such that fc —oo and ^ ^ 0, as n oo. Define 

What is the limit distribution oi Zn, as n —> ool Give the proof. 
Hint Let { i ^ , , 1 < i < n} be a random sample from £;XP(1). Then 

{En-,+l,n - En-j,n, 1 < i < j] = {E*_i+^j,l < i < j } 

where {Eif, 1 < i < j } is a random sample from i5XP( l ) , independent from {Ei, 1 <i <n}. 



3. Let X be the daily maximum temperature in Delft i n the summer season which lasts for 92 days f rom 

June 1st t i l l August 31st. Let U be the ta i l quantile funct ion of X: P ( X > U{t)) = for t > 1. Let 

X l , . . . Xg2o be an identical and independent sample over 10 years. 

• (4 points) Show that on average the temperature exceed [7(9200) once every 100 years. Here 
we assume that the temperature i n the summer season is always higher than the temperature in 
other seasons. Thus i t is sufficient to consider only the temperature in summer. 

• (4 points) I n order to estimate the 100-year return level, we assume that the distr ibution of X 

is i n a max domain of attraction w i t h extreme value index 7. Figure 1 displays the the scatter 

plot of the data. Figure 2 shows the estimates of the extreme value index by H i l l and moment 

methods. Based on this, what can you conclude on the sign of 7? 

• (6 points) Based on your conclusion on the sign of 7, derive the estimator of [/(9200). Note tha t 

the sufficient and necessary conditions for the max domain of attraction are given as below. 

U{tx)-U{t) x - f - l , ^ „ 
h m ^ , , ^ ' = , for 7 e R 

i-><x) a [ t j 7 

l i m ^ = x ^ for 7 > 0 . 
t->TC U{t) 

I f you choose to work w i t h the first sufflcient and necessary condition, i t is allowed to denote the 

estimator of a(-) by a(-) wi thout giving the precise formula. 

• (4 points) State two critical comments about the assumptions that we make on the data set i n 

order to apply the estimation. 
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Figure 1: Scatter plot 

Hill estimates Moment estimates 

Figure 2: Hill estimates and moment estimates of 7 
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4. Let {Xi,X2) be a bivariate random vector w i t h a continuous distr ibution function F. Let Ui and 
U2 the ta i l quantile functions: P r ( X i > Ui{t)) = | , for t > 1 and i = 1,2. Suppose there exists a 
non-degenerate distr ibution Go such that for {x, y) e (0, 00] x (0, 00], 

l i m F^{U,{nx),U2{ny)) = Go{x,y). 

n->oo 

Define L{x,y) = - l o g G o ( i , i ) , for x,y>0. 

• (6 points) Show that L(ax, ay) = aL{x, y), for any positive a, x and y. 

• (4 points) Show that max(a;, y) < L{x, y) < x + y, for any positive x and y. 

• (4 points) Give an example of {Xi,X2) that corresponds to L{x,y) = max.{x,y). 

• (4 points) Give an example of ( X i , X 2 ) that corresponds to L(a ; ,y) = x + y. 
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