


Part II 

Exercise 1 (8 P.) 
1. Let X be a random variable with IP'(X > 0) > 0. We will prove that there exists 8 > 0

such that IP'(X > 8) > 0 by showing (a)-(c).
{2.1.a) Let A= {X > O}. F ind a sequence of events An such that U:::°=1 An= A. 
1b) Show that there exists f. > 0 such that limn➔oo IP'(An) = f.. 

,{_(c) Find 8 = 8(n) such that IP'(X > 8) > 0. 
� 2. Let X 1, X2, ... be a sequence of independent random variables, all defined on the same'fl, probability space such that IE(Xi) = 0 and IE(X;) = 1 for all i E N. Prove that 

IP'(Xn > n i.o. ) = 0. 
xercise 2 (8 P.) 
et X 1, X 2, ... be a sequence of independent random variables, all defined on the same probabil­

it space, such that for all n E N: IP'(Xn = 1) = Pn and IP'(Xn = 0) = 1 - Pn · Show that Xn ➔ 0 
aim st smely as n ➔ oo if and only if I:::::°=1 Pn < oo. 
Exercise 3 (7 P.) 
Adam has N batteries available for an electrical device. Once the battery is empty he replaces 
it with another one. The lifetime Li of one battery i is independent of the lifetime Lj of battery 
j (i =/- j) and is exponentially distributed with mean 2 (rescaled out 100 hours, which means 
that the actual mean lifetime is 200 hours). 

-fl- 1. What is the probability density function of L 1 + L2?
4 2. Let N be a random variable with sample space {l, 2, 3} and distribution 

1 1 IP'(N = 2) = IP'(N = 3) = 
4
, IP'(N = 1) = 

2

independent of L1 , L2, L3. What is .:c'(XN), the law of XN = I::� 1 Li? 
.).3. What is the expected value of XN? 

4. Give a non-trivial u�per bound on the probability that the device works at least 1000
/- hours. ~u dv>.,\/7.._, o 

5. Berta has an analogous device and 2 batteries at home. What is the probability that,t 1_ Berta's device will work longer Adam's device with N batteries, distributed as in point 
(2)? 

Exercise 4 (7 P.) 
C\ ,ih State the Theorem of Lindeberg-Levy-Feller. 

2. Let X1, X2 , .. be a sequence of independent random variables such that Xn ~ N(0, a;) for
all n EN. Define a�= e-n and show that the Lindeberberg conditions do not hold. Show
that nevertheless, by appropriate rescaling, Sn = X 1 + ... + Xn converges to a standard
normal variable. Does it contradict the theorem of Lindeberg-Levy-Feller?
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