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No calculators allowed. Write the solutions in the fields provided. The grade is (score+4)/4.

1 The sequence (s,) is defined recursively as s; = 0 and s,11 = ﬁ for n > 1.

la Show that 0 < s, < 2 for all n € N.

1b

lc

Solution. We show this by induction. For n = 1 we have s; = 0,50 0 < 51 < 2 is

correct. Assume 0 < s;, < 2 for some k. Using s = ﬁ we find that from 0 < sy,
we have spq > % > 0 and from s, < 2 we obtain sp 1 < ﬁ = 1 < 2. By induction
we have thus shown that 0 < s, < 2 for all n € N. O
Show that the sequence (s,) converges.

Solution. We will use the monotone convergence theorem which says that a bounded
monotone sequence converges. The sequence is bounded by part a; we will prove

that it is increasing. By induction we will show s, < s,41 for all n € N. sy =

3—131 = % > 51 so this is true for n = 1. Now assume s; < sgi1. Then spy0 =
1

3*5k+1 - 3,Sk

a. We conclude that s, < s, for all n € N, thus the sequence is increasing. By the

monotone convergence theorem we can thus conclude that this monotone bounded

sequence converges. ]

= Spi1 as 3—% is an increasing function for x < 3 and s; < 2 by part

Obtain the limit lim s,,.

Solution. Using the rules of calculations for limits (applicable as the sequence con-
verges) we observe
1 1 1

s=lims im s,,41 1m3_8n 3 Tms. ~ 3_s

Thus we find 3s—s? = 1,50 s>~ 3s+1 = 0. Thismeans s = 3£1,/9—4=31+1\/5.
Observe that % + %\/3 > % + % = 2, so this is impossible as limit as s,, < 2 for all n.
Thus we must have s = % - %\/3 O]



The axioms of an ordered field as applied to R are

AlV,yeR:z+yeRandr=wAy=z=zr+y=w+ z
A2 Ve,yeR:z+y=y+ux;

A3 Vz,y,zeR:x+ (y+2)=(r+y) + z;

A4 30 :Vx € R: z+ 0 =z and this 0 is unique;

A5 Ve R:3(—z) e R:z+ (—2) =0 and (—=z) is unique;
Ml VeyyeR:z-yeRandr=wAy=z=x-y=w-2z;
M2 Ve,yeR:z-y=y-uz;

M3 Vr,y,zeR:x-(y-2)=(x-y)-z;

M4 931 #40:Vzx € R: 2z -1 =z and this 1 is unique;

M5 Ve #0:3(1/z) e R:2z-(1/x) =1 and (1/x) is unique;
DL Vz,y,zeR:z-(y+z2)=z-y+z-z

O1 For all z,y € R exactly one of x =y, x > y, holds x < y;
02 Vr,y,zeR:z<yANy<z=ux<z

O3 Ve,y,zeRiz<y=x+z2<y+z;
O4Ve,y,zeR:iz<yAN0<z= 22 <yz.

2 Assume 0 < z,y, 2z, w. Show using the axioms that if x < y and w < z then zw < yz. Be
sure to state which axiom you use in each step!

Solution. From O4 we obtain that x < y and 0 < w implies zw < yw.
From M2 we then have yw = wy, thus zw < wy.

From another O4 and w < z and 0 < y implies wy < zy.

From O2 and zw < wy and wy < zy we obtain zw < zy.

Finally another M2 gives zy = yz, so zw < yz. [



3 Finish the definition. A sequence (s,) is called a Cauchy sequence if
Solution. for all € > 0 there is a N such that for all n,m > N we have |s, — s,,| <e. O

4 Consider the sequence (s,) defined by s, = cos(%"). Determine limsup s,. Be sure to
precisely show that your answer is correct.

Solution. We will show limsups,, = 1. Indeed for all n we have s, < 1, so for all € > 0,
there is a N (namely 1) such that for all n > N we have s,, < 1 +e.

Moreover, suppose m < 1 and let N be arbitrary. Take n = 12N, then n > N and
Sn = cos(ZT) = cos(2rN) = 1 > m.
Thus we have checked the two properties satisfied by a lim sup. O

5 Given a non-empty, bounded set S C (0,00). Let T' = {1/s | s € S} be the set of all
reciprocals® of elements from S.

Ha Show that 7" has an infimum

Solution. Observe that T' is a non-empty set (as S is non-empty). Moreover all
elements in 7" are bigger than 0, so it is bounded below. Hence 7" has an infimum
by the completeness axiom. O

5b Show that inf(7") = 1/sup(S).

Solution. We will show that 1/sup(S) equals the infimum of T by checking the
properties of the infimum. We use the characterization of infimum from Practice
3.3.6.

e First we show 1/sup(S) is a lower bound to 7. Let ¢t € T. Then there is s € §
with t = 1/s. As s < sup(S) we find that t = 1/s > 1/sup(S). In particular
1/sup(S) is indeed a lower bound to 7'

e Now suppose m > 1/sup(S). Then 1/m < sup(S). Thus there is s € S with
1/m < s. But then 1/s € T and 1/s < m. In particular we see that m is not a
lower bound to 7.

We conclude that 1/sup(S) is the greatest lower bound of 7" and thus the infimum.
[
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