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Name:

7 Joos(

Student ID:

This exam consists of two parts: short answer questions and open questions. The answer to
each open question must contain a complete explanation.  Devices like calculators,
mobile phones, laptops, sheets with formulas, etc, may not be used. The grade is determined by
adding 6 points to your total score and dividing the result by 6.

Short answer questions (10 questions, 5 on the other side!)

. We have
1 1 3 -2 1 1 3 -2
A= 2 -5 3 1| ~]10 -7 -3 5| =B.
-3 1 2 2 0 4 11 -4
Give a matrix E such that B = FA. i 6 &
E‘ - =F I .0
2

. Circle “yes” if the given transformation is linear, otherwise circle “no”.

(a) The map T} : R® — R2 defined by T3 ([z1, x2, x3]7) = [21 — |22| + 3, 221 + 20 + 73]

!

(b) The orthogonal projection T : R> — R® on Nul([ 3 -1 020 }) @

(c) The map T3 : R? — R defined by T3([z1, 72, 73, 74]7) = det [ ;1 ji ]
3 ,

b

. The linear transformation 7 : R?> — R? is the projection on the line y = x, followed by the
rotation counterclockwise about the origin through an angle of 135°.

-

T%ﬁﬂtﬁl

(a) Give the standardmatrix of T 0 0

(b) Circle two times “yes” or “no”: T is injective: yes(hoj
surjective: yesfno)

LN |
. Aisthematrix | 1 2 1 [. The rank of this matrix is 3 and the rank of the matrix 4 — I is
] il .

less than three. Mark for each of the following statements whether it is true or false.
e 2 is an eigenvalue because each diagonal entry of A equals 2.

e 1 is an eigenvalue because the rank of A — I is smaller than 3. {trugyfalse

i

e 0 is not an eigenvalue because the rank of A is 3.

p

e the vector [1,1,1]7 is an eigenvector of A.

SEE NEXT PAGE
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K5.

K&6.

KT.

KS8.

K9.

K10.

1 1 5
LetA=|0 -2 7

0 0 -2
(a) The eigenvalues of A~! are 1(12) "'zi.(z")
T
3 ]
(b) Give an eigenvector of A~! corresponding to a negative eigenvalue. o

Circle for each of the following statements about the matrices

1 1 -1
1|1 -1 -1 bl
A=<= and B=|1 -1 -1
211 -1 1 1 g =
1 1 1
whether it is true or false: _
(a) A is an orthogonal matrix. TruefFalsg

(b) B is an orthogonal matrix. m

Give all possible values for the determinant of an orthogonal matrix. 4+ 1
1 1 4
. - . 2 2 8
How can the matrix of the orthogonal projection on Col(A) be found if A = 2 _1 0
0 3

short explanation

: 1’] T2 -1 i
Lot 3= }:-ll P-= (13 b) R’

2 a 0 2

Forp=|3|.b=]| b |and W = Span 171,11 it is given that p is the orthogonal
4 1 2 0

projection of b on W. Find a en b. a= | = 5’

2 2 4
let A=1| 2 b a | witha,beR.
4 8 9

(a) Find all values of a en b that make this matrix symmetric and positive definite.

a=P ||lp >rP

(b) Take a = 8 and b = 18. Why does there not exist an invertible 3 x 3-matrix W such that
A=WTw?

short explanation

Z'f ﬁl/éxt)“/.f) /7 p Joc e /e pg (5./ 2 /6/ dnel o wn 't totld

Q= Creld é:,/f;‘

END OF SHORT ANSWER QUESTIONS
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TW1030, Tuesday 30 October 2018, open question 1 of 3

Naam:
Studienummer:
. Let
1 1 -1 -1 0 0
P=|1 -1 0 and D 0 1=0
1 0 1 001

Furthermore A = PDP~'. Answer the next questions without computing A! Explain your
answers!

(a) Find det(A).
(b) True or false: A= = A?
(c) Let xo = (0,0,3)T. For k € N find A*x,.

(d) Let
1 -1 1 1 00
R=] -1 -1 -2 and C=1]0 -1 0
0 -1 2 i Rl 0 G |

Are A and RCR™! equal?
(e) Is A symmetric?
(f) Does there exist a matrix B such that A = BTB?
(g) Find Nul(A - 3I).

answer to (a)

Hethoo 1: det 7= - dlet(PPP ) selet P GQ{Uc,&f,{a = ol b = -

/o2 - et d ﬁ’pta:lic‘c 4 2egen selpds = =gt =

e o —

answer to (b)

e BT 5o D=l
S (/“0/""/ PO P S por A

/ e

e —

answer to (c)

"./'»T(-J f/mf‘-f anct 1 are {Az Zf‘f/"{"‘t/c'c'/t’/{é‘_] e} / f‘/J a el /AC{/

: Lo
"f”""/}/ j[j]¢ G é-f"j/"“/[-']r;
14 Y3 G
\ g re
Moy SaT ik rd i T4y ([’I"s/o‘(b/”’q or Sojv "] ’ .6:/3)]
-1 o
ji= k3o £l =1 I/C) il /O N()\-{o /
‘V/c.-e"?_/o]“’j *12 e il
o {1 | 3 =

CBIE[E]). S A rrn ez racdy,

o o j|1 . < —I q, ?
- " +( 1) ] a

upturn your sheet! | -

SEE NEXT PAGE



answer to (d)

&/(7 /ey /rue) jf]é%uw/o/ éu’ an ?P;‘jt” véc ‘/G’f‘ 0//9
itk egenvalue 1 So [ ]e gf"“’“//[uf[/(

o F 11 S5 AT it
5 [;5/55/&»/[;;'7;[?’7? so ALRCR™

A

answer to (e) ;
/./Ufg (//m.l/ Y2 i @k‘-j A im, - /-257' cff’/a/yg.,z;d gf we can malec
y:a . > —
ah (},/{{Ao:fna,qd/ cl S 3 /{Jf Z:s A/ﬁ(c A /é’c{c[:( [((,) an (J‘/{%CC?Z". ?q'/
Se/ 0/ 3 C.’Cj‘r:h Vec |/¢AI/'__{ ' /—_Aa'/ mec 1y /ﬁd/ /)3 //?I E’-’//@C’,‘?a‘/{/’

cfzé&*nna/( 'zaé/é , So /§ ¢ Jy"f”’“f/"('

s

answer to (f)

7f ' exvils ge haue 5’/37/3 x =//Bx //2 &
&1)4367/6 2 ﬁ;c’p:h(d:’ tn(.\/‘éj So ({.//g?(,:’/z,, ‘/a/b{g;’ 07‘:‘
ﬁa/z >0. Thae norf lrwe, so B doesn’t cxis?

w

answer to (g)
Wt (9-32)={0] Becawse if xFo el (937 )
we feve (/Q“}I/if‘,@b /95:3’_(' 7/«/&%{’4,4_;
//jd‘/ X v e vecor C’/' /9@// oty =7, /

/ned sterely  0E A )4 .?-Z‘,-) since A 0@ Subgace @
g €
xt et!

Not enough space? Ask for an e

END OF OPEN QUESTION 1
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TW1030, Tuesday 30 October 2018, open question 2 of 3

Naam: '/(/c'm',/

Studienummer:
. Let _
1 0 -1 -2 -3 10 -1 -2 -3
1+« =4 3 & 3 01 1 -2 -2
aen T R s
1 -1 -2 0 -1 | 000 Q0
and let W be the nullspace of A. Furthermore let
1 B 5
-1 0 3
i = Lk W= 0 and b=[0
0 -1 1
0 g 2

(a) Show that {w;, w3} is a basis for W. Do this without solving a system!!
(b) Find the orthogonal projection p of b on W and find the distance of b to W.
(¢) Give a vector ¢, not equal to b or p, such that its orthogonal projection on W equals p.

answer to (a)

slhte kot w, anel i, are zn(;‘if;:'/::cnr&r,'f becacise nene c%'—
//72 /Cuo v a Sacld r /h(_.z'/;f./)./c* 0// //pe, c"(%«@/“

o Nole thol clem Nl B = #Hcolums ey //cwx/a /«’“""(,: Z

$p Che nutmbe, a/"' Jechors ¢n ));_u“ wzfe*f/vua/)‘ o IF

o Mote llatf Aw, =0 oncl Auw, =@ |50 w,,w, €W

We com conclecle thaV /c_gf,,g;/Z/ »oa basw /é/ e

upturn your sheet!

SEE NEXT PAGE




answer to (b)
Zorst create cn C"’//.é’ﬁ’ﬂ.'?q’/ betsia v, > % / for /;\_17«
.y /
applying Grom-Sehmedl: ¥, =4y = [
PP g / 7 /
o
“7
¥ ! ( o f-3 4
V, = &/~ lvf_‘f‘, _'-(‘i./z_"'_‘(kff:?(g‘.’l.}z“-yf}“j _::
&y -lf i 3
/CCAE A = /Il—ll
iz 2
L"J
3
/'\/JW /Xt c?//Ao&vdncx//)rc\f/’c"f‘/fc?n C}-,-() _/ oA W Z7ucz/J
6' / A o f/) - /6 r
o Zeoe=x2 Z ;) - 2 7
D =y, F ;:-——~y;¢-‘!ﬁz‘**—-:{+-——&{
f 2yt ! Y, Y, - 5 = v T T
Z
e S - =
= (Y!"yz)‘ R
[3
(%e(&. A—/?: 3 7__{ v, encl 4 s . So sens 0.
] = I Oﬁ —_
o
answer to (c)
/‘ é (,(uefy eI~ on [%c) [irhe
L eugh boand p o ey
I - 3 e Vo oy /,{.z ﬁ"””’!‘}oit j(éf}
M / / Ve
wetwcl - Fhen -—--.-.4(6-/9)_4¢,/ !
Vpete ol - Che. V-5 (2 .
== = &0 2 = pig/
£2p7,®)
el _f' (o h
Not enough space? Ask for an extra sheet!

END OF OPEN QUESTION 2
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TW1030, Tuesday 30 October 2018, open question 3 of 3

Naam: '//IZC T4

Studienummer:

In R™ (with n > 2) are taken two vectors u and v such that u-v = 1. With these vectors we
define the linear transformation 7" : R — R™ by

T(x)=x—(u-x)v

(vou don’t need to prove that T is linear).
(a) Is v een eigenvector of T'? If yes, also give the corresponding eigenvalue.
[REMARK: A is an eigenvalue of a linear transformation 7" : R® — R™ if an eigenvector x # 0 exists, such
that T'(x) = Ax.]
(b) (i) Show that the nonzero vectors orthogonal with u are eigenvectors of T. Also give the
corresponding eigenvalue.
(#1) Why is the dimension of the corresponding eigenspace equal to n — 17
(¢) Show, by using (a) and (b), that T is diagonalizable.
[REMARK: a transformation T : R" — R" is diagonalizable if and only if R™ has a basis containing only

eigenvectors of T'.|

answer to (a)
Mote Ghat Tlv)- ¥ - (aeg)¥ = Y-TL =2

It bhat  vFQ  (olherwse U w0 )

:5;: Y wan etges vec Vorr c‘Jf-' il w!'/A €l (/L.‘"/(/!"é’_ o

answer to (b)

Lel 356"//?’43 A

So wex=¢

N

o

v = X

I

()¢ < x-

7-/4_’#’ 7—(3_(); 5-.(@:

&) t{]\/ 5%&) //gq i( Lo a@N e[g’('/w/c’.(j/c—//‘ c}l'f‘ 7— (/UL'/A étj’c'n—
:/::*/Lft’ 7.

NMote lhat Z,2 5/—}an/iffl‘

. - L l \ v
Serce _S/‘f?cmﬁzf/f v g~dimeasconal, 506"")1&(/{ Lty
s 1 ; >
.l/_ G C/!i’f’) t; = M~ ig(gf Cﬂ//f’h E/ =47 7-4'-’ /5{/’/6'/- 2

Stcone 2y

upturn your sheet!

[”’/"-’05-5“7?/-’ becd e //{Cf"? = £ R Gmol s //Mc’/-fﬁl/“‘“/‘d""
~
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answer to (b) continued

2 .
.gb,grry .‘/c"cl/d/' Qf //eJE c\/am/c/ bHe an ?(L--’f/"a’/ft/(cl/(’// C%
S aal ?(j’f’ﬂVa/oﬁa 7. ConlraclicVion weth [c{/|

answer to (c)
We bave fﬁwma{' (Quo eff“?dc[/u’&( ;0 anc 7.
=~ 4 4
c/cmt, =n-1 5 $O we can forel 211 !*”C‘M/’c‘.‘%&‘--?/ F!f@’ﬂ-

N

iAo Zaks (;‘/g/'/? {’(/j"'l’m t'/C?///fc’ 7.

4 //J Ctr g(aj?h,-a’t_'l/ef’f .c»uc{//] £l br‘/)vg’,‘c‘/&{(. O

S M L/c
7—/1/4.4 cle /é e i V) @f - [/_;C'{L’:Pc",ﬁ({(;’/? v L’[?’z’/\ vec Vors,

74 ﬁfﬁh ans (51?’5‘/)4@5‘4;1 ﬁ'/ /79/7 d./ff/ 7‘/

So 74 of 2 Gonct A'Za’é/ﬁ ;

Not enough space? Ask for an extra sheet!

END OF OPEN QUESTION 3



