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. Complete the following definitions.

a. A domain is said to be elementary if ...

b. A domain D is star-shaped if ...

. Complete the following statements.

a. A function f : D — C is (compler) differentiable at a € D, with f’(a) = K if and only if there is a
function ¢ : D — C such that f(z) = f(a) + ¢(2)(z —a) on D and ...

b. A function f : D — C is complex differentiable at a € D if and only if it is real differentiable at a
and ...

. In this problem we consider the principal branch of 23 (defined on C_). We define two functions, f

and g, by

flz) = (z2=1)2 and g(Z)_(Z"Fl)(zJ_ri)z

|~

. Verify that f(2)? and g(z)? are equal to 2% — 1.
. Verify that f(z) = g(z) = V2 — 1 when z is real and larger than 1.

o

Determine f(z) and g(z) for real = that are smaller than —1.

o

d. Determine for both functions the maximal open sets on which they are well defined and analytic.

. Define the function f : C — C by f(z) = 22 and let S be the square {z:0 < Rez <1and 0 < Imz < 1}.

a. Determine and sketch the image of S under f.

b. Determine and sketch the preimage of S under f.

. a. Let u: C — R be defined by u(z,y) = cosx - cosy. Is there an analytic function f : C — C such that

u = Re f? If yes: determine all possible such functions. If not: why not?

b. Let u : C — R be defined by u(z,y) = cosz - coshy. Is there an analytic function f : C — C such
that u = Re f?7 If yes: determine all possible such functions. If not: why not?

cos (
f e

a. When « is given by a(t) = 2exp(it) with 0 < ¢ < 27.

t < 2.

. Evaluate the integral

<
b. When « is given by «(t) = 7 4+ 2exp(it) with 0 <

(2

where « is the unit circle, so a(t) = exp(it) with t € [0, 27].

. Let n be a natural number. Evaluate

The value of each (part of a) problem is printed in the margin; the final grade is calculated using the following

formula
Total + 10

10

THElEND

Grade =

and rounded in the standard way.
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b. ...

. every analytic function defined on it has a primitive on it. [Definition II.2.8]
there is a point ze € D such that for each point z € D the whole line segment joining ze and z is contained
in D. [Definition II.2.6]

. ¢ is continuous at a and ¢(a) = K. [Remark 1.4.2 (b)]

. the Jacobian of f at a represents multiplication by a complex number. [Remark 1.5.1], or
. the real part u of f and the imaginary part v of f satisfy the Cauchy-Riemann equations: us(a) = vy(a)
and uy(a) = —vz(a). [Theorem 1.5.3]

Since 27 - 22 = z for all 2, we see at once that f(2)2 =2 -1and g(2)* = (z +1)*- ;‘_} =22 -1

For positive real numbers x we have r? = vz. If . € R and 2 > 1 then 22 — 1 > 0, hence f(z) = vz2 — 1.
Also g(z) = (2 + 1),/% and because z —1 > 0 and  + 1 > 0 we can write g(z) = (2 + 1) \/L;_‘__i =+z? -1

If 2 € Rand < —1 then 2®> — 1 > 0 so, as above, f(z) = V22 — 1. For g(z) we must realize that  — 1 < 0

1

and = + 1 < 0, so that (i—ﬂ)j = ;”jr} = \/%f:; and g(z) = —(—z — 1)\/iv:;i =—y/(—z—-1)(-z+1) =
—Vx? — 1.

The function f(z) is well-defined and analytic everywhere except where 2% —1 is real and negative, so we must
exclude the real interval [—1,1] and the imaginary axis.

The function g(z) is well-defined and analytic everywhere ezcept where
exclude the real interval [—1,1] (only).

z—1

£— is real and negative, so we must
z+1

. Calculate the images of the four sides of the square: I: (1 — t?) + 2it; II: (t* — 1) + 2it; III: —t2; IV: ¢; each

time 0 <t < 1.

The angles should be right angles. See also the slides of 2019-05-06.

Now calculate the curves that are mapped onto I, IT, III and IV. I: 0 < 2% — 3? < 1 and 2zy = 0, part of the
real axis: —1 <z < 1. 12?2 —y? =1 and 0 < 2zy < 1, parts of the hyperbola 22—y = 1. II1: 0 < 2?2 — 3% < 1
and 2zy = 1, parts of a hyperbola 2zy = 1. IV: 2 — y?> = 0 and 0 < 2zy < 1, part of the line z = y:

—IV2<e<iva

I 11
Y
i - Il
v 1
11 I

The angles should be right angles and the preimage is symmetric with respect to 0. See also the slides of
2019-05-06.

No: the function u is not harmonic: u,, and uy, are both equal to —u, S0 uzr + uyy = —2u is non-zero.

Yes: the function is harmonic: uzz = —u and uyy = u. 80 Uzz+uyy = 0. To find all possible functions f we can
observe that u is the real part of cos z: use trigonometric formulas to write cos(z+iy) = cos z-cos iy—sin z-sin iy,
then use that cosiy = cosh y and siniy = isinh y to get cos z = cosx-coshy —isinz-sinh y. To get all possible
functions we must add imaginary constants: f(z) = cos z + ic with ¢ € R.

Alternatively: use the Cauchy-Riemann equations and find the potential imaginary part by integrating u, with
respect to y and —uy with respect to x: we get v(z,y) = —sinz-sinhy+h(z) or v(z,y) = —sinz-sinh y+k(x).
The functions h and k£ must be constant and we get the same anser as above.

See also the next page.
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. a. The function f defined by f(z) = cosz/(z — m)? is analytic on the star-shaped domain {z : Rez < 7}, so we
can apply Cauchy’s formula to obtain
2mi 2i

cos( f _ _ 21
= 5 d¢ = 7{ d¢ = 27 - f(())f(_w)gf—ﬂ_2

b. Now we consider g(z) = cos z - z~ !, which is analytic on {z : Rez > 0}. Cauchy’s formula now gives us

?{ - cos( 7{ %g”(w) = mig” (m)

But g”(z) = —cosz-2"' 4+ 2sinz- 272 +cosz-2z 3 andso ¢’(m) =7 ' —2-0-772 — 2773, We find that

the integral is equal to i — A.

. Method 1: expand (14 1/z)" using the binomial formula: > 7_, (Z)sz; our integral is equal to

é (Z’) yfag—’“dgz (T)iéd{:%wi

because all integrals, except the one for k = 1, are equal to 0.
Method 2: let f(z) = (2 + 1)™ and note that our integral is equal to

fc(g) dc = (nZiril)!f(n—l)(O) — 27 n Tl)! = 2nmi

because f* "V (2)=n-(n—1)---2-(z+1).

THE END



