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Exam W14410 Advanced Discrete Optimization
June 28, 2017, 13:30-16:30

The exam consists of 6 questions. In total you can obtain 60 points. Your grade is calculated by dividing
the number of points you obtained by 6. You may use a non-graphical calculator during the exam. Using
a graphical calculator, notes, phone, smart-watch, etc. is not permitted. The total number of pages of
this exam is 8. Good luck!

L. Given aset {zx € Z" | 3_7_ ajzj = ao} with ag ¢ Z, the Gomory fractional cut based on this set
is:

n
> fiwi = fo,
=1

where f; :=a; — |a;| and fy :=ag — |ao].
Similarly, the Gomory Mixed-Integer Cut based on the set
{(x,y) € Z" x RY | 2?21 a;xj + Z§:1 9jy; = ao} with ag € Z, is

ijxj+zf0 m3+zgjy] Z ffggy] fo

fi<fo fi>fo 9;>0 g5 <0
Consider the following integer optimization problem:

max 4x1 + 3o

subject to 21 + o < 11
—x1+2x2 < 6
x1, xa > 0, integer

Let s1 and sy be integer slack variables in the above constraints. After solving the LP-relaxation of
the problem we obtain:

(a) (4 points) Generate a Gomory fractional cut and a Gomory Mixed-Integer Cut from the last
row of the system of equations above.
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Solution: . 0 A
f(]:ga fs1:g> fszzg

Gomory fractional cut:
2 4 1
> 5, or 2s1 +4s9 > 1.

—s1+ —s
551 + 552
Gomory mixed-integer cut:
1.3 1.1 1
5 B+ 5455225
5 5
or
+ 1 >1
—S —S
51t %22
(b) (2 points) Which of the two inequalities is stronger? A brief motivation suffices.
Solution: The two inequalities have the same right-hand side, and each of the coefficients

in the left-hand side of the GMIC is smaller than or equal to the corresponding coefficient
in the Gomory fractional cut. Therefore the GMIC is stronger. This also holds in general!

2. Let N :={1,...,n}. Consider the following set:
Sk :={x € {0,1}" | Zajxj <b}.
JEN

Assume that
e aj € Zy forall j € N,

° b€Z+,

e a; <bforall jeN,
(a) (4 points) Determine the dimension of conv(Sk).

Solution: Due to the assumptions, each of the unit vectors is feasible. These unit vectors
form, together with the zero-vector, a set of n + 1 affinely independent points. Hence, the

dimension of conv(Sk) is equal to n.

(b) (3 points) Consider the specific knapsack set
S = {x € {0,1}* | 2521 + 2025 + 1523 + 1024 < 44} .

The knapsack cover inequality x5 + x3 < 1 is valid for the set
conv(Sx N{z e R* | 24 =1}).

Apply maximal lifting to the variable 24 and give the resulting valid inequality.




Advanced Discrete Optimization, WI14410 page 3 of 8 June 28, 2017

Solution: Introduce x4 in the inequality. Don't forget that x4 is currently set equal to 1:
o+ a3+ Brs <14 3.
Now set x4 equal to 0 and apply maximal lifting
B = max{xy + x3 | 25x1 + 20z + 1523 < 44} — 1,

which yields 8 = 1 and the resulting inequality x5 + 23 + x4 < 2.

(c) (2 points) Consider the specific knapsack set
Sy = {x € {0,1}° | 272 + 2525 + 2023 + 1524 + 1025 < 44} .

The inequality x3 + x4 + x5 < 2 is a valid cover inequality for this knapsack set. Argue why
the inequality
1+ xo+a3+ 24+ 75 <2

is also valid for this set.

Solution: Since both x1 and x2 have larger coefficients in Si than all the variables in the
cover, x1 and x2 are part of the extension E(C) of the cover C. Recall, E(C) := CU{j €
N\ C |ar > aj for all j € C}. The inequality

o oz<iol-1

JEE(C)

is valid for Sk, and hence the inequality x1 + xo + x3 + x4 + x5 < 2 is valid for the given
knapsack set.

(d) (4 points) Let N = {1,...,n} be a set of arcs. Consider the single-node flow set:

Ssnr = {(m, y) €RY x {0,1}" | Y xj =b, z; < ujy;}.
JEN

Aset C C Nis a flow cover if 32, .cuj > b Let A= > cuj —band (uj — ) =
max(uj — A, 0). Prove that the flow cover inequality

Yowi+ Y (=N -yy) <b
jec jec

is valid for conv(Ssnr). (Hint: Consider the case where y; =1 for all j € C' and then the case
where an arbitrary arc k € C is closed.)

Solution: Let y; =1 for all j € C:

Then (1 —y;) =0 for all j € C and the flow cover inequality becomes ZjeC xj < b which
is valid by definition.

Let yy =0and y; =1 forall j € C\ {k}:
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Now, > ;ccx; < min(b, > ;ccuj — ug). Substitute 3, o u; by b+ A, which yields
> jec i <min(b, b+ —ug) = min(b, b— (ux — ) = (b— (up — A)¥). The coefficient
for (1 — y) in the flow cover inequality is precisely (up — A)™ and will “count” as soon as
yi takes value 0.

(e) (1 point) lllustrate by a 2-dimensional example why branch-and-bound is not a polynomial-time
algorithms in fixed dimension.

Solution: See slides 33 and 34 of Lecture 4.

3. Consider the quadratic assignment problem QAP(A, B,C):

2" = min z(p), where z(p) = Z Zaijbw(i)@(j) + Z ch(j),

€S
peon i=1 j—1 i=1 j—1

where A = (a;j), B = (bi;), and C' = (¢;;) are real n x n matrices, and S, denotes the set of all
permutations of {1,... ,n}.

(a) (5 points) Derive an expression for the average value of the objective function, namely
1
M(AaB’C) = E Z Z(SO)»
’ 4P68n

in terms of A, B, and C. Motivate your answer. You may not assume that the diagonal entries
of A and B are zero.

Solution: First prove Proposition 7.7 in the book, and then proceed as follows.
Without the assumption a;; = b;; = 0 Vi, the average objective value of QAP(A, B,C) is

given by
1 1 ¢
(A, B,C) = n 1) Z aijbr + Z (cij + aiibjj) -
i#j,k#l t,j=1

To prove this, we replace given A and B by the matrices A and B obtained by setting their
respective diagonals to zero, and replace the given C by C' = (c;ij + aiibjj).
Then QAP(A, B,C) and QAP(A, B, C) have the same objective function, since:

2Ap) = DY aibuien) + D Ciol)
=1

i=1 j=1
= Z aijby(iyp(j) + Z (Cig() + @iibo(iei) »
i#j i=1

and the last expression is exactly the objective function of QAP(A, B, C’) Applying Propo-
sition 7.7 to QAP(A, B,C) now yields the required result.




Advanced Discrete Optimization, WI14410 page 5 of 8 June 28, 2017

(b) (5 points) Assume that the values (i) (i € S) have been fixed for some given set S C
{1,...,n}. Derive the corresponding QAP problem, say QAP(A’, B',C"), that corresponds to
this node in the polytomic branching tree, i.e. give the matrices A’, B’ and C’ in terms of A,
B, C and S (and its complement).

Solution: QAP(A, B,C):

min Z Z aikbgo(i)ap(k) + Z Cigp(i)
i=1

es
e S k=1

Split the sums in the objective over S and its complement, say S:

DD arbytie) + D Cioti)
=1

1=1 k=1
= Z Z kb (i)p(k) T Z Cia (i)
€S keS €S
+3 D ambo(iner) + Y Cigli
€S keS €S
+ DD irbgtiete) T D D Gikb(iyeh)
€S keS icS keS

Thus we get a new QAP, say QAP(A', B, C") with A" = (a;;), B' = (b;), C" = (c};),
and
C;k = Z(aijbkj + ajl-bjk) +cr i,k € g,
jeS

and

/ / .. o
aij:ai]’, b’Lj:b'L] Z,]ES,

and a constant part
n
const = Z Z aik’bgo(i)cp(k) + Z Cip(i)-
i€S kes (IS

Thus we get:

Z Z ikby(i)p(k) T Z Cigp(i)
i=1

i=1 k=1

= const + Z b)) + Z Cipli)’
i,keS i€S

4. This question again concerns QAP(A, B,C) as defined in the previous question. Also recall the
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following notation:
n

v,u)” = min ViU (i v,u € R".
(v, u) JEg Lt
1=

(a) (4 points) Show that, if v <wy <...<w, and u; > ug > ... > uy,, then

n
(v,uy~ = Zulvl
i=1

Solution: See the proof of Proposition 5.8 in the book.

(b) (4 points) It is given that, for any pair of symmetric matrices, say A = A" and B = BT, it
holds that tr(AB) > (X, u)~, where A and p are vectors containing the eigenvalues of A and
B respectively. Use this fact to show that:

A\ u)” = min tr(AXBXT
(A, ) Jain r( )s

where O,, denotes the set of n x n orthogonal matrices.

Solution: It is given that
tr(AB) > (A, p) .

Since this lower bound is valid for all symmetric A and B and only depends on their

eigenvalues, we have
tr(AXBXT) > (\ p)~ VX € O,.

Thus

i AXBXT) > -,
i tr( ) = (A )

We now prove the reverse inequality. Recall our notation for the spectral decompositions

of A and B: . .
A=>"Nppl. B=Y_ g,
i=1 j=1

where p; and ¢; orthornormal eigenvectors.

Also define the orthogonal matrices P = [p1 p2 ... pn] and @ = [q1 ¢2 ... gn]. Note that
P and @ diagonalise A and B resp.
Also assume w.l.o.g. that A\ < Ao < ... < Ay, and p1 > po > ... > .
Now
M)~ =tr(PTAPQTBQ) = tr(APQTBQPT) = tr(AXBXT),

where X = PQT. Noting that X € O,, completes the proof.

(c) (2 points) Use any method of your choice to solve the following instance of QAP(A, B,C):

123 8 12 16
A= 2 46 |,B=[ 12 18 24 |,
36 9 16 24 32

and C'is the 3 x 3 zero matrix. Give the optimal value as well as the optimal permutation.
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Solution: A = wu® with w = [1 2 3]7, B = vvl with v = v/2[2 3 4)'. Therefore, by
Proposition 8.9, 2* = (< u,v >7)2 =2(1-4+2-3+3-2)?2 = 2-16% = 512, and
©*=(3,2,1).

5. Consider the following parameterized problem.

BOUNDED DEGREE DELETION

Instance: graph G = (V, E) and numbers d, k € N.

Parameters: d and k

Question: is it possible to delete at most k vertices from G such that the resulting graph has
maximum degree at most d?

(a) (4 points) Consider the following reduction rule. If there exists a vertex with degree larger than
d+ k, delete this vertex and reduce k by one. Show correctness of this reduction rule, i.e. show
that the obtained instance is a yes-instance if and only if the original instance is a yes-instance.

Solution: If the vertex v with degree larger than d + k is not deleted, then more than &
of its neighbours would need to be deleted to get the degree of v down to d. This is not
allowed since we may only delete k vertices. Hence, v needs to be deleted. This shows that
if the orginal instance is a yes-instance, then the obtained instance is also a yes-instance. To
show the converse, assume that the reduced instance is a yes-instance. Then there exists
a solution to the reduced instance consisting of at most k& — 1 vertices. Those vertices
together with v give a solution for the original instance of at most k vertices.

(b) (4 points) Consider the following reduction rule. If there exists an edge connecting two vertices
of degree at most d, delete this edge. Show correctness of this reduction rule.

Solution: Suppose edge {u,v} is deleted. If the original instance is a yes-instance, then
the reduced instance is clearly also a yes-instance: delete exactly the same vertices as in
the original instance (we have only lowered the degrees). Now suppose that the reduced
instance is a yes-instance. Then we can obtain a yes-instance of the original instance by
deleting the same vertices. Adding the edge {u, v} only increases the degrees of u and v
and they can never get bigger than d since they had degree at most d in the original graph.

(c) (4 points) A third reduction rule deletes vertices of degree 0. Show that if none of these three
reduction rules is applicable and there are more than k + k(d + k) + k(d + k)? vertices left,
then the instance is a no-instance. Hence, the problem BOUNDED DEGREE DELETION has a
polynomial kernel.

Solution: Suppose it is a yes-instance. Let U be the set of at most k vertices that are
deleted in some solution. Each vertex of degree bigger than d must have at least one
neighbour in U. Each other vertex has degree at least 1 (by the third reduction rule) and is
hence adjacent to a vertex of degree bigger than d (by the second reduction rule). Hence,
each vertex is in U, has a neighbour in U, or has a neighbour that has a neighbour in U.
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Since there are at most & vertices in U and each vertex has degree at most d + k (by the
first reduction rule), the total number of vertices is at most

k+k(d+Ek)+k(d+ k)

6. A tournament is a directed graph D = (V, A) with for each pair of vertices u,v € V exactly one of
the arcs (u,v) and (v,u) in A. Consider the following parameterized problem.

FEEDBACK VERTEX SET IN TOURNAMENTS

Instance: tournament D = (V, A) and number k € N.

Parameters: k

Question: is it possible to delete k vertices from D such that the resulting tournament is acyclic
(i.e. has no directed cycle)?

(a) (4 points) Prove that a tournament is acyclic if and only if it has no directed triangle (i.e. a
directed cycle of three vertices).

Solution: The “only if” direction is trivial. Now suppose that a tournament has some di-

rected cycle but no directed triangle. Consider a smallest directed cycle (w1, ug, us. .., up, u1)
with p > 4. Then exactly one of the arcs (u1,u3) and (us,u1) is in the tournament. If

itis (u1,us), then (w1, us, u4, ..., up, uy) is a smaller directed cycle. If it is (ug,u1), then

(u1,u9,us,up) is a directed triangle. In both cases we have obtained a contradiction.

(b) (4 points) Design an FPT algorithm for FEEDBACK VERTEX SET IN TOURNAMENTS and
analyze its running time.

Solution: Check if there is a directed triangle. If no such triangle exists then we are done.
Otherwise, at least one of the three vertices from the triangle needs to be deleted. Hence,
branch into three subproblems, in each subproblem deleting one of the three vertices and
reducing k by one. The running time is O(3*n3), with n = |V| (if we use a brute-force
algorithm for finding a directed triangle).

End of test



