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Exam W14410 Advanced Discrete Optimization
August 15th, 2018, 13:30-16:30

The exam consists of 7 questions. In total you can obtain 60 points. Your grade is calculated by dividing
the number of points you obtained by 6. You may use a non-graphical calculator during the exam. Using
a graphical calculator, notes, phone, smart-watch, etc. is not permitted. The total number of pages of
this exam is 7. Good luck!

1. (a) (3 points) Consider the following set X = {x € R? |0 < x; < 1,i =1,...,2}. Give a valid
inequality that defines:
(i) an inproper face,
(i) a zero-dimensional face,
(iii) a facet.

Solution: Here is an example of a possible answer:
(i) =1 <2,
(ii) 1+ x9 < 2,

(iii) 2o < 1.

(b) (6 points) Given a set {x € Z" | Z?Zl ajrj = ag} with ag € 7Z, the Gomory fractional cut
based on this set is: .
Z fiz; > fo,
j=1
where f; :=a; — |a;] and fy :=ap — |ao].
Similarly, the Gomory Mixed-Integer Cut based on the set
{(x,y) € Z" x RY | E?_l a;x; + E?_l 9jy; = ao} with ag € Z, is
fo f fo
> fimit Y St ) 0 - Z T o i = fo
fi<fo fi>fo g;>0 g <0
Consider the following integer optimization problem:
max 4xq + 3x9
subject to 221 + 2o < 11
—x1+2x2 < 6
>

T, To 0, integer
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Let s1 and s5 be integer slack variables in the above constraints. After solving the LP-relaxation
+%82

of the problem we obtain:

z

+%81
2

T +£51

x2
(i) (4 pts) Generate a Gomory fractional cut and a Gomory Mixed-Integer Cut from the last

1
—£52

Solution: (i):
1 2 4
fO—ga f51—57 fSQ—g'

row of the system of equations above.
(i) (2 pts) Which of the two inequalities is stronger? A brief motivation suffices.

Gomory fractional cut:
2 4 1
gsl—i-gSQ > 5 or 2s;1 +4s9 > 1.

Gomory mixed-integer cut:

5 + L >1

481 482 =~ 1.
(ii): The two inequalities have the same right-hand side, and each of the coefficients in the
left-hand side of the GMIC is smaller than or equal to the corresponding coefficient in the

or
Gomory fractional cut. Therefore the GMIC is stronger. This also holds in general!

jEN
—band (u; — At =

2. Consider the single-node flow problem:
Ssvr = {(x, y) €RY x {0,1)" | Y aj =b, xj <uyy;} .
jec Ui

A set C C N is called a flow cover if . cu; > b. Let A:= 3~

max(u; — A, 0).
(a) (5 points) Prove that the flow cover inequality

dowi+ Y (=N —y) <b

jeC jeC
is valid for Sgnp. (Hint: Consider the case where y; = 1 for all j € C and then the case where

an arbitrary arc k € C'is closed.)

Solution: See Lecture 3, slide 33.




Advanced Discrete Optimization, WI14410 page 3 of 7 August 15th, 2018

(b) (2 points) Derive a valid flow cover inequality for the following example:

4
Ssnr = {(x, y) € RY x {0,1}*] Zg;j — 66,
=

0 <z <30y1, 0 <o <50y, 0 <3 <20y3, 0 <2y <45y,.

Solution: Take for instance C' = {2,3}. That gives A = 50 +20 — 66 = 70 — 66 = 4 and
the flow cover inequality

xro + x3 + 46(1 — yz) + 16(1 — yg) < 66.

3. (a) (3 points) Let N :={1,...,n}. Consider the following knapsack set:

Sk ={x e {0,1}"] Zajxj < b},

JEN

Let C' C N be such that EjeC a; > b. The family of knapsack cover inequalities, ZjeC xj <
|C| — 1 is valid for Si. Now, consider the the specific instance

Sk = {z € {0,1}* | 2521 + 20x5 + 1523 + 10x4 < 44} .
The knapsack cover inequality x5 + x3 < 1 is valid for the set
conv(Sx N{z € R* |24 =1}).

Apply maximal lifting to the variable x4 and give the resulting valid inequality.

Solution: Introduce x4 in the inequality. Don't forget that x4 is currently set equal to 1:
o+ a3+ Brs <14 8.
Now set x4 equal to 0 and apply maximal lifting

B = max{xy + x3 | 25x1 + 20z + 1523 < 44} — 1,

which yields 8 = 1 and the resulting inequality zo + x3 + x4 < 2.

(b) (1 point) lllustrate by a 2-dimensional example why branch-and-bound is not a polynomial-time
algorithms in fixed dimension.

Solution: See slide 31 of Lecture 4.
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4. Consider the quadratic assignment problem QAP (A, B,C):

z*:gelgn Zzaw w(1)p(5) Z o(i)>

=1 j=1

where A = (a;;) , B = (b;;), and C = (¢;;) are real n x n matrices, and S,, denotes the set of all
permutations of {1,...,n}. If C'is the zero matrix, we write QAP (A, B) instead of QAP (A, B, C).

(a) (3 points) Given a graph G = (V, E) with |V| even, the maximum bisection problem is to
partition V' into two equal sets, say V = V3 UV, with Vi NV, = () and |V4| = |V3], so that
the number of edges connecting a vertex in V7 with a vertex in V5 is a maximum. Explain how
that problem may be rewritten as a problem of the form QAP(A, B), i.e. formulate suitable
matrices A and B in terms of G. Also explain how the partition (V1,V3) is obtained from the
solution of the quadratic assignment problem you formulated.

Solution:

A is the adjacency matrix of G and B = —% ( 2 (1)
of order Z|V|. The vertices in V; are given by the labels (i) i € {1,..., 3|V} if ¢ is the

solution of QAP (A, B).

) ® J, where J is the all-ones matrix

(b) (3 points) Prove that one may assume without loss of generality that the matrices A and B
have zero diagonals. In other words, given matrices A, B, C, construct new matrices, say A,
B, and C so that the diagonal elements of A, B are zero, and QAP(A,B,C) has the same
objective function as QAP (A, B, C).

Solution: Replace given A and B by the matrices A and B obtained by setting their
respective diagonals to zero, and replace the given C by C' = (¢;; + aiibjj).
Then QAP(A, B,C) and QAP(A,B,C’) have the same objective function, since:

Z(‘P) = ZZG’” w(i)p ])+Zcz<p

=1 j=1
= D aibygie + Z (Cieti) + @isbeotire())
itj i=1

~

and the last expression is exactly the objective function of QAP(A, B C’)

(c) (4 points) Consider the objective function of QAP (A, B,C), namely
Z Z @ijbo(iyp(j) + Z Cigp(i)
i=1 j=1
Prove that the average objective function value (taken over all ¢ € S,,) equals

w(A, B,C) = (= 1 Z Z b + — E (¢ij + aiibjj) .

i,j=1k,l=1 i,j=1
i#] k;él
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Hint: use the result of the previous exercise.

Solution: Applying Proposition 7.7 in the book to QAP(A,B,C’) (from the previous
exercise) yields the required result.

5. We again consider QAP (A, B, C') with objective function again denoted by

Z Z b (i)p(j) + Z Ciep(i)

=1 j=1

(a) (4 points) Assume that at some node in a polytomic branch-and-bound tree, the values (i)
(i € S) have been fixed for some S C {1,...,n}. Give the resulting QAP problem QAP(A’, B',C")
at this node, i.e. give the matrices A’, B’ and C’ in terms of A, B, C and S.

Solution: QAP(A, B,C):

n

mln¢€$n Z Z azkb 1)(k) Z Cicp(4)

=1 k=1 =1

Split the sums in the objective over S and its complement, say S:

D> aibetiyery + D Cio)
=1

=1 k=1
- Z Z AikDp(i)p(k) + Z Cigp(i)
i€S keS icS
D aibatiet) T Y Cipti)
i€S keS icS
D> airbopem) + D D aikbelipk)
i€S kel icS kes

Thus we get a new QAP, say QAP(A’, B',C") with A" = (!
and

), BY = (byy), €7 = (),

Z] ) v

Cip = Z(aijbkj + ajibjr) + ek i, k€S,
jeSs
and
a;j = a4, b;j =bj 4,j€S,

and a constant part

const = Z Z Qikby(i)o(k) T Z Cip(4)

1€S kesS i€S
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Thus we get:

Z Z ikby(i)p(k) T Z Cip(i)
=1

i=1 k=1

= const + Z Qb)) F Z i)
i,keS i€S

(b) (4 points) Assume A = uu’ and B = vv’ for nonnegative vectors u,v € R". Prove that
QAP(A, B) may be solved in polynomial time in this case.

Solution: Proposition 8.9 in the book.

(c) (2 points) Use any method of your choice to solve the following instance of QAP(A, B):

1 2 3 8 12 16
A=12 4 6 |,B=| 12 18 24
3 6 9 16 24 32

Give the optimal value as well as the optimal permutation.

Solution: A = wu” with u = [1 2 3]T, B = vvT with v = v/2[2 3 4]'. Therefore, by
Proposition 8.9, 2* = (< u,v >7)2 =2(1-4+2-3+3-2)?2 = 2-16% = 512, and
©*=(3,2,1).

6. (5 points) Consider the following parameterized problem.

RECOLOURING

Instance: graph G = (V, E), a colouring f : V' — {1,2,3} of its vertices with three colours and an
integer k € Z.

Parameter: k.

Question: is it possible to obtain a proper 3-colouring (i.e. that f(u) # f(v) for all {u,v} € E)
by changing the colour of at most k vertices?

Prove that the RECOLOURING problem is FPT. Also analyze the running time of your algorithm.

Solution: If there is no edge {u, v} € E with f(u) = f(v) then we are done. Otherwise, choose
such an edge and branch into four subproblems, in each subproblem, the colour of one of u,v
is changed to one of the two remaining colours and the parameter is reduced by one. Since the
search tree has depth at most k, the running time is O(4|E|).

7. Consider the following parameterized problem.

EDGE CLIQUE COVER
Instance: graph G = (V, E) and an integer k € Z.
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Parameter: k.
Question: is it possible to cover all edges of G with at most k cliques?

Here, a clique is a subset U C V such that {u,v} € E for all u,v € U. An edge {u,v} € E is
covered by a clique U if u,v € U.

(a) (5 points) Consider the following reduction rule. If there is an edge {u,v} € E such that
neither u nor v has any other neighbours, then delete v and v and reduce k£ by one. Show
that this reduction rule is safe, i.e. that the original instance is a yes-instance if and only if the
reduced instance is a yes-instance.

Solution: Given at most k — 1 cliques that cover all edges of the reduced instance, we
can add a clique {u,v} and obtain at most k cliques that cover all edges of the original
instance. Conversely, if there exist at most k cliques that cover all edges of the original
instance, then {u,v} must be one of these cliques because this is the only possible clique
that covers the edge {u,v}. Removing {u,v} from the set of cliques then gives at most
k — 1 cliques that cover all edges of the reduced instance.

(b) (5 points) Consider the following reduction rule. If there is an edge {u,v} € E such that u
and v have exactly the same set of neighbours (but the first reduction rule does not apply),
then delete exactly one of v and v, without changing k. Show that this reduction rule is safe.

Solution: It is clear that if the original instance is a yes-instance then the reduced instance
is a yes-instance. To show the converse, suppose there exist at most k cliques that cover
all edges of the reduced instance and suppose that vertex u was deleted by the reduction
rule. Then we can add u to each clique containing v (there must be at least one because
otherwise the first reduction rule would have been applicable) and then the cliques cover
all edges of the original instance.

(c) (5 points) A third reduction rule is to delete any isolated vertices. Show that if none of these
three reduction rules is applicable and there are more than 2* vertices left then the instance is
a no-instance. Hence, EDGE CLIQUE COVER has a kernel with at most 2% vertices.

Solution: Suppose the instance is a yes-instance. Then there exist at most k cliques that
cover all vertices. Since there are more than 2% vertices, there exist two vertices u, v that
are in exactly the same subset of the cliques (by the pigeonhole principle since there are at
most 2 subsets of the set of cliques). This implies that u and v have exactly the same set
of neighbours, contradicting our assumption that none of the reduction rules is applicable.

End of test



