Solutions Exam Complex Function Theory .I’_‘U Delft

AM2040
Monday June 29, 2020, 13:30-16:30

© 1. Write the following sentence on your exam:

I declare that I have made this examination on my own, with no assistance
and in accordance with the TU Delft policies on plagiarism, cheating and

fraud.
(10) 2. Let the function L be a branch of the logarithm with branch cut
{z € C| Re(z) =0, Im(z) > 0}.
Evaluate

L(z)dz, R > 0.

[iR,~1+iR,—i,1+iR,iR)]

We consider
L(z)dz
[iR—e,~14iR,—i,1+iR,iR+<]
where we let ¢ | 0. For L we can choose for example log S Then L is analytic on

C\{z € C| Re(z) =0, Im(z) > 0}, so the integral only depends on the end points
and not on the path itself. We integrate over the arc C' = {Re” | =37 < 0 < ix} in
positive direction. On this arc we have

L(z) = log_%w(z) =Inlz| +i arg_%ﬂ(z) =InR+ 6.
Then

/L(z)dz:/2 (In R +40) - iRe™ df
C —
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. Determine and classify the isolated singularities of f(z) =

. Show that g(z) = Z

Alternative: use a primitive function of L and evaluate in the end points.
Z4am

zsinh?(z)’

The zeros of the denominator are at ki, k € Z.

For k # 0, —1:

. . N\ 2
lim (2 — kmi)2f(z) = FRLETE o ( - ’f) LSS

2=k kmi  z—kwri \ sinh(z) k

so kmi is a pole of order 2.
For k = —1:

. 2 .
lim (z+7m)f(z):L lim (Z+7TZ) :%7&0,

2 —im —im z——mi \ sinh(z)
so —mt is a pole of order 1.
For k = 0:

2
1imz3f(z)—i7rlim( - )_m¢0,

z—0 z—0 Sth(Z)

so 0 is a pole of order 3.

’ lyti cC < 1}.
2T is analytic on {z | |7] }

Let £ C B;(0) be a closed set. There exists an r € (0,1) such that £ C B,.(0). Then
for z € £

z < T Y
14 27 1—rn 1—r
and
o0 1 o
M, = "

converges. By the Weierstrass M-test >, Tio= converges uniformly on E. 77 is
analytic on Bj(0), since it has its singularities on |z| = 1. Now g(z2) is a series of analytic
functions that is uniform convergent on every closed set in B;(0), so g is analytic on
By (0).

5. Determine the Laurent series expansion of

(z+14)(z — 3i)

h(z) =



on the region {z € C |1 < |z — 2i| < 3}.

First determine the partial fraction decomposition for h:

? A B

(z +1i)(z — 3i) R TR

thenA—l—B:OandB—?)AZ1,sothatA:—%1andB:—

Using the geometric series we obtain

1 1 1 —i= )"
- S— g — 2i) — 24| < 3,
c+i (2—2)+3i 3il— _— ;() 225 -
and
| 1 1 Y
_ _ N (e — 20, — 21 > 1.
Z—3i (z—2i)—i z—2z1-z% ZZ (= —2i) 2~ 2il
Then

— ;li ( )" (2_21)”+ig¢"1(2—2x’)".

n=

for 1 < |z —2i| < 3.

6. Let f be an entire function.

(10) a) Prove that f*(z) := f(Z) is also entire.
(10) b) Suppose f(z) € R for z € (—2020,2020). Show that

f(E):m, z € C.

a) Use the Cauchy-Riemann equations. If f(x+iy) = u(z,y)+iv(x,y) and f*(x+iy) =
u*(z,y) + iv*(x,y), then

[ (@ +iy) = f(z —iy) = u(z, —y) —iv(z, —y),

so that u*(x,y) = u(x, —y) and v*(z,y) = —v(x, —y). Since f is analytic v and v
satisfy the CR equations. Then using the chain rule

uy (7, y) = us(z, —y) = vy(z, —y) = vy(r,y)

and
uy (v, y) = —uy (v, —y) = v.(z, —y) = —vy(z, —y).



So u* and v* also satisfy the CR-equations. Since u and v are (real) differentiable,
so are u* and v*. Conclusion: f* is also entire.

Alternative: Since f is entire it has a power series expansion at 0 with radius of
convergence oo,

flz) = Z anz".
n=0
Then f* has the power series expansion

oo o0
f(z) = E apzZ" = E a, 2",
n=0 n=0
again with radius of convergence oo, hence f* is analytic on C.

Yet another alternative: Let us denote complex conjugation by ¢(z) := Z. Note that
¢ is continuous on C. Let zy € C. If lim,_,,, h(z) = L, then

lim h(z) = lim co h(z) = ¢(L) = L.

Z—r20 Z—20
Furthermore, if lim, 5 h(z) = L/,

lim A(Z) = lim hoc(z) = lim h(u) =L

Z—r20 Z—r20 uﬁc(zo)

Combining these two properties we have

li_)m h(z)=1L".
Now let .
h(z) = f(z) — f(Zo).

Z—= 2

Since f is analytic in Zy we have L' = lim, 5 h(z) = f'(Z5). Then

o £ =) L TE) - TG
2—20 zZ— 20 Z—20 zZ— 20
= lim (—(2_ — £<Z_O)>
Z—20 Z— 20

= lim h(z) = f'(z0),

Z—20

~

—

so f* is differentiable in zy. This holds for any zg € C, so f* is analytic on C.



b) Use the Identity Principle. For z € E = (—2020, 2020),

Fe =13 2 7E " e

E has an accumulation point in C, f and f* are both analytic on C by part a, so by
the identity principle f(z) = f*(2) for any z € C. So f(Z) = f(2).

(12) 7. Let a € R with |a| > 1. Evaluate

2 1
/ .
o 1+ a?—2acos(0)

Substitute z = €, then

27 1
I= do
/0 1+ a? — 2acos(h)

/ 1 dz
o) L+a? —a(z+271) iz

l 1
=- 5 — dz
aJeyo) 22— (a+at)z+1

1 / 1 p
= — 2’7
a Jcy(0) (z—a)(z—a™t)

where C(0) has positive orientation. The integrand f(z) = (zfa)(lT‘l) is analytic in

an on C}(0), except for a simple pole at a~!. Then using the Residue Theorem

1 2m 27

I =2mi-R H=-"1 —a! = :
wit Res(f,a™) = =7 Tim (=~ ) f() =

Cr
(16) 8. Evaluate . . Cr/‘ Cy
Y
/0 ?+ax+1 N c, | R
using the path as indicated in the picture.

We evaluate

W=

z
I= | —"——d
/022—|—z—|—1 =



where C'is the path in the picture, and we use the branch of z'/ with branch cut [0, 00),
i.e. 25 = e51o80(2),

The integrand f(z) =

ﬁiﬂ has singularities at the zeros of the denominator, so at

1 . 1 2.0 1 . 1 4.
21:—§+z§\/§:e3 ) 22:—5—25\/5263 .
These are both poles of order 1, and they are both inside the path C' (for small r and
large R). The function f is analytic in and on C, except at its poles, so by the Residue
Theorem

I =27i (Res(f, z1) + Res(f, 22)) .

We have ) ,
. : Z3 esm
Res(f,z1) = lim (2 — 1) f(2) = lim — =
zZ—2z1 z—)e%m z— 6§7r 6§7rz _ 6§m
and
1 4 __ -
: : 23 es’
Res(f,z2) = lim (2 — 23) f(2) = lim — =,
zZ—>29 Z_w%ﬂ-i z — egﬂ' 637” — 657”
so that . )
.6§7m — o™ 21T )
I =2mi— = ——(e%m — e%m)

< 7. —
e3™ _ 3Tl \/g

For the integral over C'g we obtain from the ML-inequality:

w

1

z% R3
——dz| < 2T R——+——,
/CRz2+z+1 TR TR
so that .
. z3
lim - dz2=0.
R—oo Jop, 22+ 2+ 1
Similarly for the integral over C,.:
/ - dz| < 27r ,
o P2+z+1 1—r—r?
so that .
3
lim —dz=0.

r¢0 Cr22+z+1

The integral over C'y and C; can be rewritten as

23 R g3
P = T g
/0122+Z+1 ? /T 2ol



and

Combining all gives

(b [t

so that

1
23
T dr =

r (62Wiﬂ?>%
Y =
/R«T2—|—SL’+1 S

2
3

R
ﬂi/
r

1
T3

22 +z+1

dz.



