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1. Let S be a set.

(4) -\\('-t‘)m])lou' the following definition: A family A of subsets of S is called a g-algebra if ...
(7) \\Let S = R. Give an example of two g-algebras A and B such that AU B is not a g-algebra (prove
our assertions).

2. Let (S,.A) be a measurable space.

a. Complete the following definition: A mapping g : A — [0.00] is called a measure if ...
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). Suppose that (S, A, 1) be a measure space and let A, € A for each k& > 1. Prove that

p( U Ak) <> u(Ag).

k>1 k>1
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3. Let A denote the Lebesgue measure on (RY, B(RY)).

(5) a. Using only the definition of A, and properties of measures show that A({z}) = 0 for every z € R%.
(10) b. Let d = 1. Using only the definition of A. and properties of measures find A(A U B U ('), where

A=0Qn(0,1), B=[2,3], and C = (7,9).

4. On R we will consider the Borel o-algebra B(R).

(4) \\Lc*i (S..A) be a measurable space. Complete the following definition: A function f:S — R is called
measurable if ...

(10) b. Suppose that f: R — R is increasing: @ < y implies f(z) < f(y). Show that f is measurable.
Hint: Use a suitable characterization of measurability.

(10) \\I_{{l (S, A, ) be a measure space. Let f,g : S — [0,00] be measurable functions. Prove that for all

e Aand o, 8 € [0,00),
/ af + Bgdp = a / fdp+ 3 [ gdjt.
JB JE JE

Hint: You may use that the above identity holds for simple functions f,g: S — [0, ).

6. Let (S,.4. i) be a measure space.

(3) \\Suppose that f: S — R is measurable and ¢ : S — [0, 00] is integrable, and that |f| < g. Explain
why f is integrable.

(12) \State and prove the dominated convergence theorem.

See also the next page.
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as (8) 7. a Show that limieo F(k) = 0 for all step functions f : [0,27] — R.
Hint: First consider f = 1(, ) with 0 < a < b < 27 and use linearity.
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(6) b. Show that for all integrable f : [0,2#] — R one has limg_,c f(k) = 0.
Hint: Fix € > 0. Choose a step function g : [0,27] — R such that |f — g|l; < &, and use that

limi—00 G(k) = 0 by (a).

The value of each (part of a) problem is printed in the margin; the final grade is calculated using

__ Total 410
Grade = 0

and rounded in the standard way.

THE END



