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1. Let (M,d) be a metric space.

(4) a. For x, y, z ∈ M prove that |d(x, y)− d(y, z)| ≤ d(x, z).

(5) b. Suppose that xn → x and yn → y in M . Prove that d(xn, yn) → d(x, y).

2. Let (M,d) be a metric space and let A,B ⊆ M .

(3) a. Give the definition of int(A).

Prove or give a counterexample to the following statements:

(6) b. int(A) ∪ int(B) ⊆ int(A ∪B).

(6) c. int(A ∪B) ⊆ int(A) ∪ int(B).

3. Let (M,d) and (N, ρ) be metric spaces and let f : M → N be a function.

(3) a. Complete the following definition: f is uniformly continuous if ...

(6) b. Suppose that f is uniformly continuous and let (xn)n≥1 be a Cauchy sequence in M . Show that
(f(xn))n≥1 is a Cauchy sequence in N .

(7) c. Suppose that f is bijective and both f and f−1 are uniformly continuous. If N is complete, show
that M is complete.

In the next exercise, the following theorem from the book may be useful:

Theorem 8.9 Let (M,d) be a metric space. The following are equivalent:

(i) M is compact.

(ii) If G is a collection of open sets in M with M ⊆
⋃
{G : G ∈ G}, then there are finitely many sets

G1, . . . , Gn ∈ G such that M ⊆
⋃n

k=1 Gk.

4. Let (M,d) be a metric space. For each n ≥ 1, let fn : M → R be a continuous function. Assume that
fn(x) → 0 for all x ∈ M . Fix ε > 0 and define for n ≥ 1

Gn := {x ∈ M : |fn(x)| < ε}.

(4) a. Prove that Gn is open for all n ≥ 1.

(4) b. Prove that M ⊆
⋃∞

n=1 Gn.

Now, in addition, suppose that M is compact and |fm(x)| ≤ |fn(x)| for all m ≥ n and x ∈ M .

(6) c. Show that there is an N ≥ 1 such that M ⊆ GN .

(4) d. Prove that fn → 0 uniformly on M .

See also the next page.
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5. Let (M,d) be a metric space.

(3) a. Complete the following definition: a set A ⊆ M is totally bounded if ...

(9) b. Let ℓ1 be the space of all sequences (xn)n≥1 such that ∥(xn)n≥1∥1 :=
∑∞

n=1|xn| < ∞. Show that

A :=
{
(xn)n≥1 : ∥(xn)n≥1∥1 ≤ 1

}
⊆ ℓ1

is bounded, but not totally bounded.

The value of each part of a problem is printed in the margin; the final grade is calculated using

Grade =
Total

70
· 9 + 1

and rounded in the standard way.
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