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Calculus for CSE (CSE1200)
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Remarks: No calculators allowed, grad 5

Short answer questions
2+2pt 1. Evaluate the following expressions (i.e. write without (inverse) trigonometric functions):

a. cos(arctan(3)) =

Answer:

Draw a rectangular triangle with opposite
side 4 and adjacent side 3. Then you find
that cos(arctan(3)) = & = 2.

b. arctan(tan(4)) =

Answer:

Write x = arctan(tan(4)), then we know that
—3m < z < 37 and tan(z) = tan(4). Since
tan is m-periodic, the latter implies that x =
4+ km. The interval requirement implies that
r=4—m.
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2pt 2. Consider the following series: Z T

n=1
Find, if possible, the sum.
In case of divergence, write DIV.
Answer:
This is a geometric series with common ratio % Since this is in the interval (—1,1), the
series converges. The first term is 2. We find that the sum is 2 1i2 =3
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3+3pt 3. Find, if possible, the following limits:

— t
o, lim ©—Arctan(z) _ N T v e e

z—0 3 T—00
Answer:
Part a:
This can be done using power series (not on the formula sheet):
1
arctan(x) = x — §x3 +O0(z°),
hence
lim £ arctan(z) — lim s2° + O(a”)
z—0 3 z—0 3
1 9
= lm 3+ 0()
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Alternatively, I’'Hospital can be used.

Part b:
This limit can be evaluated using the square root trick:

Vat+3z+1
lima:—\/x2+3x+1zlim(x—\/x2+3x+1)x+ v
T—>00 x—0 x+g/l'2+3x+1

—3r—1
= lim
=00 x4+ /a2 + 3 + 1
| —3-1
= lim =
3
2
4. The function y of x is implicitly defined by the fol-
lowing relation: J =
eV =x+y.
Express ¢/ in terms of z and y.
Answer:
Use implicit differentiation:
ey +ay)=1+y"
Now solve for 3/
;o 1—ye”
Y= Zew—1
5. Find the linearization of arcsin(x) near z = %
Write your answer without inverse trigonometric func- L(z) =
tions.
Answer:

ol

Recall L(z) = f(a)+ f'(a)(z — a). Here a = % and f(x) = arcsin(x). Since arcsin(%) =
and f'(z) = \/117 we find:

6. Consider the following function: f(z,y) = 2y — .

a. Find an equation for the tangent plane to the graph of f at the point (3,2, 10).




Answer:
We have:

fe(w,y) = 22y

fy(z,y) = 2° = 3y°

We get the following equation for the tangent plane:
2= [(3.2)+ f2(3,2)(z = 3) + [,(3,2)(y —2) = 10+ 12(z — 3) — 3(y — 2).

3pt b. Give the unit vector u such that D, f(3,2) is minimal. |u =

Answer:
The directional derivative is minimal in the direction —V(f) = (—12,3) = 3(—4,1).
As unit vector we get u = \/%(—4, 1).

2+3pt 7. Let ¢ = (—1+1)>.

a. Find c. Write your answer in the form a + bi, with a,b € R.

CcC =

Answer:
We can use the polar form. Note that

1 4i=12ei™

Hence:

(—141)? = V23ei™ = 2¢/2e1™ = 2¢/2 <7+7) =2+ 2i.

You can also find it by directly expanding the brackets.
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b. Sketch all solutions to the equation 2° = ¢ in the complex plane.

Hint: you already know one solution!

Answer:
The solutions form the vertices of an equilateral triangle, with one vertex at —1++/3i.



3+3pt 8. Consider the following sum of iterated integrals:

0 1 5 fcos(z)
S=/ / f(fv,y)dydfv+/ / f(z,y)dydz.
—1 Jx2 0 0

a. Sketch the domain of integration for b. By interchanging the order of integra-
both integrals in one diagram. tion, S can be written as one integral.
y Find the correct limits:

1 parccos(y)
s=[ [ fwydeay
- o J-ym




