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Teacher E. Lorist, co-teacher M.C. Veraar.

. Let S be a set.

a. Complete the following definition: A collection A C P(S) is called a o-algebra if ...
Let A:= {AC S: Ais countable or A° is countable} be the countable-cocountable o-algebra.

b. Define F := {{s} : s € S}. Show that o(F) = A.

Recall the following definitions for a sequence (A,),>1 of subsets of a set S:
(i) If A, C Apy for all > 1, we write A, T A with A = |, An.
(ii) If A, D Apyi for all n > 1, we write A, | A with A="_, A,.

Theorem 1. Let (S, A, p) be a measure space and let (An)n>1 be a sequence in A. If A, T A, then
limp 00 1(An) = u(4).

. Let (S, A, 1) be a measure space and let (A,)n>1 be a sequence in A.

a. If A, | A and p(S) = 1, use Theorem 1 to show that

Jim p(An) = u(A).

b. Give an example of a measure space (S, A, ) and a sequence (Ay)n>1 in A such that A4, | A and

Jim p(As) # u(A).

. Let (S, A) and (7', B) be measurable spaces.

a. Complete the following definition: A function f: § — T’ is called measurable if ...
Now take (7', B) = ([0, 00), B([0,00))) and let f: S — [0,00) be a measurable function. For n > 1 define
An:={seS: f(s)> 1L},
A:={seS: f(s) >0}
b. Show that A, € Aforalln > 1.
Let p: A — [0, 00] be a measure.
c. Show that for all n > 1 we have

w(An) < n /S fd.

d. Suppose that [ fdpu = 0. Show that p(A4) = 0.

4. State and prove Fatou’s lemma.

See also the next page.
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5. Let A denote the Lebesgue measure on (R, B(R)). Let f: R = [0,00) be given by f(z) = e~!*.
a. Prove that f is measurable and integrable with respect to A.
Let (yn)n>1 be a sequence in R such that y, — 0 for n — 0.

b. Show that
lim [ sin(z?-y,) e ®l dA(z) = 0.

n—00 R

6. Let (S, A, 1) be a measure space with x(S) < oo and let p € [1,00).
a. Give the definition of LP(S).

b. Let f: S — R be a simple function. Show that f € L?(S).

The value of each part of a problem is printed in the margin; the final grade is calculated using

Total ]
70

Grade = 941
and rounded in the standard way.

This exam has been composed by the teacher and reviewed by the co-teacher.



Solutions Exam part 2 Real Analysis. AM2090; 22-01-2024. 1

. a.

A collection A C P(S) is called a g-algebra if

(i) 2,5 € A;
(ii) Ac A= A€ A4;

(i) A1, Az,...€ A= U2, Ak € A.

b.

For the inclusion “C”, note that F C A. Since A is a o-algebra, we also have ¢(F) C A. For the inclusion
“2”, take A € A. If A is countable, then A = |J,. ,{s} € o(F). If A is countable, by the same argument
A€ € 0(F) and thus also A € o(F.

Set Bn = A}, and B =2, Bn. Then B, t B, so by Theorem 1
Jim u(Bn) = u(B)
Note that |J2%, Bn = A° by the law of De Morgan. Therefore
#(S) = lim p(An) = lim p(Bn) = u(B) = p(S) — p(4)

Since p(S) = 1, we can subtract it on both sides to obtain the conclusion

Take (S, A, 1) = (R, B(R), A) and set A, = [n,00), which is closed and therefore A, € B(R). Then A, | &,
but

lim p(A) = lim oo = o0 # 0 = u(@).

n—rc0 n—oo

a. A function f: S = T is called measurable if for each B € B, one has f~'(B) € A.

b. We have A, = f7'([%,00)). As [%,00) is closed, we have [1,00) € B([0,00)). Since f is measurable, we

conclude A, € A.

Using the properties of the Lebesgue integral, we calculate

(An) =/A" ldp < /‘ nfdusn/sfdu-

By c), we know pu(An) = 0 for all n > 1. Therefore, by o-subadditivity (alternatively use Theorem 1)
o0 ()
uA) =n({J 4n) £ Y- uan) =0.
n=1 n=1

Since u(A) > 0, we conclude u(A) = 0.

f is continuous and therefore measurable. Moreover, Lebesgue and improper Riemann integrals coincide for
positive continuous functions. Therefore

/e"Jrl dA(z) = / e " dz < oo,
R -0

so f is integrable.

Set fu = sin(z? - yn) - e~ !*! for n > 1, which is continuous and therefore measurable. Note that f, — 0
pointwise and |f,| < f. Since f is integrable by a), the DCT yields

lim / sin(@?® - yn) - €% dA(z) = / 0dA(z) = 0.
n—+00 R R

L?(S) := {f: S = R : f is measurable and[s |fIPdu < oo}.

For A € A and f = 1,4, we have
J 117 dis = () < (S) < o0.

Therefore f € LP(S). Since LP(S) is a vector space and a simple function is a linear combination of indicator
functions, the result follows.

THE END



